
VU Research Portal

Developments in Measuring and Modeling Financial Volatility

Janus, P.

2012

document version
Publisher's PDF, also known as Version of record

Link to publication in VU Research Portal

citation for published version (APA)
Janus, P. (2012). Developments in Measuring and Modeling Financial Volatility. [PhD-Thesis - Research and
graduation internal, Vrije Universiteit Amsterdam]. Thela Thesis/TI.

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal ?

Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.

E-mail address:
vuresearchportal.ub@vu.nl

Download date: 23. May. 2023

https://research.vu.nl/en/publications/3582329e-4607-4e7c-91f3-c9e07fa50376


Developments in Measuring and

Modeling Financial Volatility



ISBN 978 90 361 0274 2

Cover design: Crasborn Graphic Designers bno, Valkenburg a.d. Geul

This book is no. 523 of the Tinbergen Institute Research Series, established through coop-

eration between Thela Thesis and the Tinbergen Institute. A list of books which already

appeared in the series can be found in the back.



VRIJE UNIVERSITEIT

Developments in Measuring and

Modeling Financial Volatility

ACADEMISCH PROEFSCHRIFT

ter verkrijging van de graad Doctor aan

de Vrije Universiteit Amsterdam,

op gezag van de rector magnificus

prof.dr. L.M.Bouter,

in het openbaar te verdedigen

ten overstaan van de promotiecommissie

van de faculteit der Economische Wetenschappen en Bedrijfskunde

op donderdag 16 februari 2012 om 11.45 uur

in de aula van de universiteit,

De Boelelaan 1105

door

Pawe l Janus

geboren te Leszno, Polen



promotor: prof.dr. S.J. Koopman

copromotor: dr. C.S. Bos



To my family





Acknowledgements

Completing the PhD degree is a challenging task. When I started in September 2008,

I thought I have plenty of time. But I (very) soon realized that the research process

from scratch requires deep understanding of the area of your interest, which makes you

question the knowledge and motivates to search for improvements. This is fun but also

hard work. No doubt, this demanding process calls forth a supervision. I was fortunate to

have excellent guidance over the whole project. I am indebted to my supervisors Siem Jan

Koopman and Charles S. Bos without whom this thesis would have never been completed.

It was a great pleasure to conduct research under their supervision.

I thank Siem Jan Koopman. His expertise in time series analysis was invaluable for

my research. He learned me how to critically review the knowledge we have and how

to climb on the learning curve. He provided me with many critical remarks on how to

structurize and how to present the research output. Also his optimism and support were

of great importance to me over the whole period. I thank Charles S. Bos. His experience

in computational econometrics helped my data-intensive research be so much efficient. In

my daily work, he often advised me on finding efficient computational solutions relevant

for my research. Also, his broad experience in financial econometrics and his attention to

detail had stimulating impact on my research skills. Thank you Siem Jan and Charles for

your time and for being accessible over the last three years.
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Chapter 1

Introduction

1.1 Motivation

In this thesis we present developments in measuring and modeling financial volatility. In

financial econometrics, the term volatility is used to denote the measure of variation of

asset price changes. Volatility describes the variation of a single asset, but when dealing

with multiple assets then the multivariate volatility may also denote the whole dependence

structure. The exact meaning of volatility as used here is specifically defined in each of

the particular chapters of this thesis.

It is undisputed that financial time series have time-varying and persistent volatility,

i.e. volatility exhibits different levels over time and clustering of episodes with low or

high variation. For example, analyzing a time series of cotton price changes, Mandelbrot

(1963, p.418) noted that “large changes tend to be followed by large changes, of either

sign, and small changes tend to be followed by small changes”. One such example is

illustrated in Figure 1.1, where we observe several periods when price changes of the Dow

Jones Industrial index display high variation during certain intervals of time, and low

variation at other times; see panels i) and ii). A statistical consequence of this is that,

while financial returns themselves are uncorrelated, absolute (or squared) returns display

strong, positive and slowly decaying autocorrelation; compare panels iii-a) and iii-b) of

Figure 1.1. The time-varying property of volatility has initially been diagnosed by sample

second moment estimated with increasing sample. Mandelbrot (1963) found that the

second sample moment of price changes does not level-off to any limiting value as more

observations are included for its estimation but it rather varies in an absolutely erratic

fashion; this effect is illustrated here in panels iv-a) to iv-b) for different starting points.

Similar features of price variation have been observed in virtually all assets, from equities

to foreign exchange rates and home prices.

The phenomenon of time-varying asset price variation has been explored extensively in
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Figure 1.1: Properties of returns on DJI index
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Note: Dow Jones Industrial Average (DJI) index. The sample period runs from October 1, 1928 to August 1, 2011. ACF

stands for the autocorrelation function. The second sample moment in panels iv-a) to iv-d) is computed with increasing

sample sizes from 1 to 1000 observations; see note of Mandelbrot (1963, Figure 2, p.396).

the literature. On the one hand, a number of economic theories have been proposed in an

effort to explain the origin of time-varying volatility. The theories often justify this origin

through the actions of competing agents who make decisions based upon their asymmetric

information sets which form their beliefs about the fair value of underlying assets. A

diversity of strategies of agents, heterogeneous arrival rates of information or different

investment horizons may all, to some extent, explain the source of volatility clustering. On

the other hand, a variety of statistical tools and time series models have been developed

and applied to characterize time-varying volatility of financial assets. The aim of this thesis

is to advance various aspects of measuring and modeling financial volatility.

The concept of volatility is of equal interest to both academic and business circles. All

tradeable assets and instruments are exposed to financial market volatility. The finance

industry is thus heavily dependent on reliable estimates of volatility, which is relevant

from risk management to option or bond pricing and hedging. The volatility measures

provide also insight into the risk-return trade-off and risk-adjusted returns which play a

central role in portfolio allocation and performance evaluation. To conclude, volatility of
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financial returns is fundamental to many issues in financial economics, and the importance

of its accurate measurement and modeling can hardly be overstated. This importance

was indeed highlighted by the Sveriges Riksbank Prize in Economic Sciences in Memory

of Alfred Nobel 2003, which was partially awarded to Robert F. Engle “for methods of

analyzing economic time series with time-varying volatility (ARCH)”.

The next subsections provide a brief summary of standard models and methods used

to analyze volatility of financial assets, to give a description of the landscape in which this

thesis will elaborate some aspects of volatility estimation. Almost by definition, such a

brief summary will not pay sufficient tribute to many authors in the field, as it will only

provide a partial description of some methods; for a wider overview, see e.g. Andersen,

Davis, Kreiß, and Mikosch (2009).

1.2 A General Setup for Financial Data Modeling

Financial data modeling starts with assumptions on a process for the evolution of asset

prices. A common starting point is to let the underlying efficient logarithmic price process

be characterized by a continuous-time diffusion process

dXt = µdt+ σdWt, t ≥ 0, (1.1)

where µ denotes the drift term, σ > 0 denotes volatility, and Wt is standard Brownian

motion. The standard diffusion process (1.1) assumes that successive log price changes,

Xt+s−Xt say, are independently and normally distributed random variables with variance

proportional to the time difference s between prices. Because of tractability, the implied

normality of asset price changes proves convenient in many aspects in financial economics,

for example, Black and Scholes (1973) apply the normality assumption to derive their

option pricing formula. Despite the fundamental importance of the stochastic process

(1.1), it has become evident that it is not able to reproduce certain statistical features

of financial returns. Already in the 1960s it was observed, notably by Mandelbrot (1963)

and Fama (1965) among others, that empirical distributions of asset price changes are

too peaked and heavy-tailed relative to samples from the normal distribution implied by

(1.1). This fact is clearly illustrated here in Figure 1.2 for a series of daily returns on

the Dow Jones Industrial index. The non-normality of asset returns is also evident from

excess kurtosis and skewness that the diffusion process (1.1) does not account for. The

peakedness and heavy-tailness of financial returns are principal features for virtually all

financial assets and regardless of the frequency at which price data is sampled, though with

a closer match to a normal density at low, monthly say, frequency.

The restrictive nature of the constant volatility diffusion process (1.1) has fostered devel-

opment of more advanced models that promise a closer match with stylized facts regarding
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Figure 1.2: Density and QQ plot of returns on DJI index
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financial returns. One generalization considers continuous-time stochastic volatility mod-

els; see Hull and White (1987) and Scott (1987) for work in the context of option pricing.

The continuous-time stochastic volatility models read

dXt = µtdt+ σtdWt, t ≥ 0, (1.2)

dσt = f(σt, dBt), (1.3)

where, in general, the drift term µt and volatility σt are possibly time-varying. The dy-

namics of volatility σt has a functional form f which typically is autoregressive to capture

persistence and is driven by stochastic innovation Bt, say a Brownian motion possibly

correlated with Wt. The stochastic volatility diffusions are capable to reproduce fat tails

typically observed in the empirical distribution functions of financial returns. The amount

of excess kurtosis is controlled by the coefficients determining the functional form for

stochastic volatility process (1.3), while the degree of skewness is controlled by the corre-

lation between asset returns and stochastic volatility (E[dWtdBt]), the so-called leverage

effect. Stochastic volatility models however do not account for large discontinuous price

movements, and may not be capable to resolve significant skewness often observed in the

data; see Das and Sundaram (1999). For this reason, another generalization concerns the

introduction of a jump component, see Merton (1976) who proposes to distinguish normal

and abnormal changes in the stock prices. The jump model of Merton (1976) takes the

following form

dXt = µdt+ σdWt + κtdNt, t ≥ 0, (1.4)

where µ, σ are defined as in (1.1), κt is a random variable with mean µκ(t) and variance

σ2
κ(t) with Nt being a counting process that represents the number of jumps in the price

path up to time t. The importance of the jump component is apparent from the, possibly

quite rare, occurrences of large price changes. For example, one such a substantial price
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change attributed to the financial market crash of October 19, 1987 can be clearly seen in

panel i) of Figure 1.1 and also in panel ii) of Figure 1.2. The level of excess kurtosis in

the jump model (1.4) is determined by jump frequency and relative magnitude, while the

degree of skewness can easily be governed by allowing for asymmetric jumps in the asset

price process.

A number of studies illustrate that both generalizations discussed above appear to

be vital to capture all the statistical aspects of asset price changes, and both stochastic

volatility as well as jumps ought to be explicitly included in the asset price processes; see

Das and Sundaram (1999). Consequently, combining stochastic volatility with jumps has

now become standard, and the resulting model for the price process is given by

dXt = µtdt+ σtdWt + κtdNt, t ≥ 0, (1.5)

with µt, σt as defined in (1.2), and with κt as defined in (1.4). The degree of skewness and

excess kurtosis in the distribution of asset returns is determined by the parametrization of

both stochastic volatility and jump processes.

From the econometric point of view, the stochastic volatility jump diffusion process (1.5)

creates new challenges. It is important to measure and model time-varying volatility σt
robustly to jumps in empirical data. But it is also of great interest to test for the presence

of jumps (e.g. their number and timing) and to differentiate the price variation due to

jumps from that to the continuous sample path as both have very different implications in

financial economics. These two concerns outline effectively the central focus-point in the

following chapters of this thesis.

1.3 Methods

The approaches to quantify financial volatility from empirical datasets can be catego-

rized into non-parametric, semi-parametric and parametric. The non-parametric approach

focuses on direct measurement of ex-post price variation over certain fixed time inter-

vals. Within the parametric approach one constructs and exploits various functional

forms for the underlying volatility of financial asset(s). Finally, the recently proposed

semi-parametric methods make use of time series of ex-post measurements of volatility

constructed from high-frequency data, and they apply standard time series techniques to

model and forecast financial volatility.

1.3.1 Non-parametric volatility measurement

As noted already by Merton (1980), a simple but reasonable estimate for the variance term

σ2 in (1.1) is the sum of the squares of the logarithmic returns provided that asset prices
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can be described by a diffusion-type stochastic process of the form (1.1). In particular, let

us assume that price observations from (1.1) are observed over a certain fixed time interval

[0, T ] at times 0 = τ0 < . . . < τn = T . The log returns ∆Xτi = Xτi − Xτi−1
of the price

process (1.1) are independently and identically normally distributed with mean µ∆τ and

standard deviation σ
√

∆τ , where ∆τ = T/n. Merton (1980) suggested to estimate mean

and variance as given by

µ̂ =
1

n∆τ

n∑
i=1

∆Xτi =
Xτn −Xτ0

T
and σ̂2 =

1

n∆τ

n∑
i=1

(
∆Xτi)

2. (1.6)

Note that the variance estimator in (1.6) differs from the maximum likelihood estimator

as it is not centered around the mean. It can be shown that

E[µ̂] = µ and Var[µ̂] = σ2/T, (1.7)

and

E[σ̂2] = σ2 + µ2T/n and Var[σ̂2] = 2σ4/n+ 4µ2σ2T/n2. (1.8)

The result in (1.7) illustrates that accuracy of the mean estimator as measured by its

variance depends on the length of the fixed time interval T , and not on the number of

observations n available within time interval [0, T ]. This means that precise estimation of

the mean return µ requires long spans of data, while sampling frequency determined by

n is not relevant. Considering the variance estimator, it follows from (1.8) that it has a

bias which however vanishes as n becomes large, in fact as n→∞, even within fixed time

interval [0, T ]. The resulting variance estimator is consistent and its accuracy depends on

the number of observations n. The result of Merton (1980) implies that unlike estimation

of the mean term, precise measurement of the variance can be obtained over fixed time

intervals provided that the number of asset price observations is sufficiently large. The

relevance of this result has become apparent with accessibility to data sampled at intraday

high-frequencies.

1.3.2 Parametric models for volatility

Let Yt denote the asset price on day t and let µt denote the conditional mean which

is often imposed to be constant, i.e µt = µ. The demeaned log return is defined as

yt = log(Yt/Yt−1) − µ. The discrete-time stochastic volatility model for asset returns can

be written as

yt = σtεt, t = 1, . . . , N, (1.9)

where εt is an independently and identically distributed stochastic innovation with a stan-

dardized density function (Normal, Student’s t etc.), and where σt > 0 denotes volatility
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on day t. To model the time-varying volatility and to ensure its persistence, one typically

considers some form of the autoregressive process for its dynamics as given by

σ2
t+1 = δ + βσ2

t + αηt, δ, β, α > 0, (1.10)

or

ht+1 = δ + βht + αηt, with ht = logσ2
t , (1.11)

where, in general, δ, β and α are unknown coefficients, and where ηt is the innovation that

drives the one-step ahead prediction of the volatility. The dynamic formulation in (1.11)

is expressed for log volatility rather than volatility to ensure the volatility remains positive

at all times.

It is common practice to model the (log) volatility as time-varying functions in the

form of discrete-time generalized autoregressive conditional heteroskedasticity (GARCH)

models of Engle (1982) and Bollerslev (1986). Another class of models that enables a

time-varying variance is the discrete-time stochastic volatility (SV) model of Taylor (1986)

and Harvey, Ruiz, and Shephard (1994). The nature of the innovation term ηt determines

the class of volatility model. For example, in case we let ηt be a function of the current

observation, ηt = y2
t − σ2

t say, we obtain a model that corresponds to the GARCH model.

In case ηt is a stochastic disturbance term, the model is part of the SV class.

1.3.3 Semi-parametric models for volatility

While the GARCH and SV models - in their many variants - have proved successful in the

past two decades, the increasing availability of high-frequency intraday data provides ad-

ditional information about variation of asset price changes. In general, the main drawback

of traditional GARCH and SV models is that they exploit only daily price observations

to infer about the current level of volatilities or covariances of assets. Given that the

non-parametric approach exploits intraday price observations to provide volatility mea-

sures that are consistent, approximately unbiased and with limited measurement error,

there has been interest to integrate information from high-frequency data into modeling

financial volatility.

Computation of ex-post measures of volatility from high-frequency data permits the use

of more standard time series techniques for modeling and forecasting financial volatility.

To illustrate this possibility more in detail, let us assume that we observe prices of some

asset at intraday high-frequency times 0 = τ0 < . . . < τn = T = 1, where the interval

[0, 1] represents a trading day. Having high-frequency price observations, we can compute

σ̂2
t using (1.6) for each day t, with t = 1, . . . , N . The resulting time series of volatility

measures {σ̂2
t }Nt=1 can be modelled by an autoregressive formulation as

log σ̂2
t = δ + β1 log σ̂2

t−1 + . . .+ βp log σ̂2
t−p + εt, (1.12)
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where δ, β1, . . . , βp are unknown coefficients, and where εt is the innovation term. The

logarithmic transformation in (1.12) is again taken to ensure that volatility is positive at

all times. Andersen, Bollerslev, Diebold, and Labys (2003) were the first to explore the

use of the autoregressive model to analyze the time series of realized volatilities and they

noted gains relative to fully parametric models.

1.4 Overview of the Thesis

The remainder of this thesis consists of four independent research papers and it quite

naturally separates into two parts. Chapters 2 and 3 focus on direct volatility measurements

using high-frequency data. Chapters 4 and 5 address modeling of financial volatility, in

particular they aim to model the time-varying dependence of multiple assets.

In chapter 2 we discuss a non-parametric method to estimate the volatility at any

time within a trading day using high-frequency price data. In particular, we consider the

stochastic volatility diffusion process with jumps (1.5) and we aim to estimate volatility at

any intraday time. The method is not hindered by the occurrence of jumps, microstructure

noise, daily recurring patterns in the variance, or leverage effects. The resulting spot

volatility path allows to track variation of prices at short intraday horizons, or to test for

jump effects related to e.g. news announcements. We discuss a testing procedure designed

to test for jumps in each of the price increments.

Chapter 3 focuses on robust estimation of daily price variation obtained from intra-

day data. Specifically, we propose a variance estimator based on quantiles of intraday

price changes. In a combination with the standard non-robust moment-based measure of

variance (1.6), the two estimators provide a sound platform for the construction of a test

statistic designed to detect abnormal price changes over fixed time intervals. A new class

of tests is developed and tested.

In chapter 4 we present a framework designed for analyzing the dependence structure

of bivariate data. Particular attention is paid to capturing long-range autocovariances of

volatilities and correlations. We illustrate the importance of the parametric assumptions

about the observed data when constructing functional forms for both volatility and corre-

lation in a similar way as outlined in (1.10)-(1.11). We show that the key to obtain reliable

estimates of time-varying volatility and correlation is a robust formulation which mitigates

the impact of jumps and of other outliers. This is a fully parametric approach.

Chapter 5 presents tools designed to model the covariance matrix of multiple assets. We

illustrate how to incorporate intraday information for the modeling of covariance matrices

of financial assets. The modeling framework is classified as semi-parametric because its

idea corresponds to (1.12). The modeling approach in this chapter makes use of both low

and high-frequency data in the form of measures containing signals about the current level
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of volatilities and covariances.

Each chapter is self-contained, has its own notation and can be read independently.

Each chapter is preceded with an abstract that highlights major developments and findings.

We discuss why standard statistical methods may not be sufficient for providing good and

reliable volatility estimates, and we point out where the methods of this thesis promise to

provide better results. The novelty and contribution of the method are discussed separately

in the individual chapters, where we relate our research results to existing alternative

approaches.





Chapter 2

Spot variance path estimation and its

application to high-frequency jump

testing

Abstract: This chapter considers spot variance path estimation from datasets of intra-

day high-frequency asset prices in the presence of diurnal (or intraday seasonal) variance

patterns, jumps, leverage effects and microstructure noise. We rely on parametric and

nonparametric methods. The estimated spot variance path can be used to extend an ex-

isting high-frequency jump test statistic, to detect arrival times of jumps and to obtain

distributional characteristics of detected jumps. The effectiveness of our approach is ex-

plored through Monte Carlo simulations. It is shown that sparse sampling for mitigating

the impact of microstructure noise has an adverse effect on both spot variance estimation

and jump detection. In our approach we can analyze high-frequency price observations

that are contaminated with microstructure noise and rounding effects without the need

for sparse sampling. An empirical illustration is presented for the intraday EUR/USD ex-

change rates. Our main finding is that fewer jumps are detected when sampling intervals

increase.

2.1 Introduction

The increasing availability of high-frequency financial data has led to the development of

new measures of variation. It is common to model financial returns as a continuous-time

real-valued stochastic process such as a jump-diffusion. A possible measure of variation of

such a process is quadratic variation. Realized variance is an estimate of quadratic variation

and can be computed from an observed sequence of prices for some time-interval, typically
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one trading day, see Andersen, Bollerslev, Diebold, and Labys (2001) and Barndorff-Nielsen

and Shephard (2002). Realized variance can be employed for a wide range of applications

including volatility forecasting, measuring financial risk and testing for jumps in financial

price data. An up-to-date review of realized variance and its applications is presented by

Andersen and Benzoni (2009). In financial market applications, quadratic variation is often

decomposed into integrated variance and jump variation. Integrated variance is defined as

the integral of so-called spot variance. Jump variation is defined as a sum of squared jumps

and is estimated by the difference between estimates of quadratic variation and integrated

variance. Estimated jump variation indicates a presence, if any, of a jump component in

a given time-interval. It does not give an insight into the arrival time, size or direction of

a jump. For this we require the spot variance path of high-frequency returns, see Lee and

Mykland (2008). In this chapter we modify an existing estimator of integrated variance

for the purpose of estimating the spot variance path and with the aim to improve testing

procedures for jumps.

Most contributions for estimating spot variance are based on nonparametric methods.

Under the absence of jumps and microstructure noise, estimation of spot variance is dis-

cussed, among others, in Foster and Nelson (1996), Andreou and Ghysels (2002), Alvarez,

Panloup, Pontier, and Savy (2008), Fan and Wang (2008) and Kristensen (2010). Kin-

nebrock (2008), Mykland and Zhang (2008), Ogawa and Sanfelici (2008) and Boswijk and

Zu (2009) consider estimation when high-frequency price observations are contaminated

with microstructure noise. Bandi and Reno (2009) discuss estimation when price data con-

tain either microstructure noise or jumps by making use of different consistent estimators

of variation dependently on assumptions about a price process. Lee and Mykland (2008)

and Boudt, Croux, and Laurent (2011) estimate spot variance in the presence of jumps, but

they rule out microstructure noise. In this chapter, however, we adapt the pre-averaging

approach and estimate the spot variance path when jumps and microstructure noise are

both present in high-frequency price observations. In a Monte Carlo study we find that

leverage effects do not have any adverse effect on the estimation performance. However, we

also find that diurnal patterns can lead to systematic bias in the estimation. We therefore

modify the method further to extract a periodic diurnal component in a robust manner.

Earlier theoretical and empirical contributions have focused on modifying estimation

methods for integrated variance using high-frequency data to allow for jumps, leverage ef-

fects, microstructure distortions and periodic variance patterns. This work has led to mild

assumptions for the spot variance process; for example, see Barndorff-Nielsen, Graversen,

Jacod, and Shephard (2006). The application of the multipower variation estimation meth-

ods for testing for jumps using high-frequency data has shown that it is necessary to allow

for jumps into models for financial data. The importance of jumps is revealed by Huang

and Tauchen (2005) who found that jumps account for around 7% of S&P cash index varia-

tion. Tauchen and Zhou (2010) show that for investment-grade bond spread indices, jump
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variation yields more forecasting power than interest rates and other volatility measures.

It illustrates the importance of developing sound statistical methods for the detection and

characterization of jumps in financial returns.

Related work on high-frequency jump testing with the use of nonparametric methods

is presented by Barndorff-Nielsen and Shephard (2006) where jumps are detected on the

basis of a standardized difference between quadratic variation and integrated variance. A

similar test for the robustness of microstructure noise is recently proposed by Podolskij

and Vetter (2009a). Jiang and Oomen (2008) propose a test based on higher order return

moments, that can also be employed in the presence of microstructure noise. Aı̈t-Sahalia

and Jacod (2009) use multipower variation at different sampling intervals to detect jumps.

These tests are able to detect the presence of jumps in a fixed time interval. Alternatively,

Andersen, Bollerslev, and Dobrev (2007) and Lee and Mykland (2008) have developed tests

for finding a jump in each realized price increment. It reveals the timing as well as the

distributional characteristics of realized jumps in terms of mean, variance or intensity of

the jump process. Moreover, realized jumps can provide an insight into the nature of jumps

for asset classes or common movements (co-jumps) between assets, see Lahaye, Laurent,

and Neely (2010). Parametric methods to test for jumps are adapted by Duan and Fülöp

(2007) and Bos (2008) where jumps are detected as part of the estimation method.

Boudt et al. (2011) demonstrate that pronounced intraday periodicity leads to the dis-

torted jump inference based on the Lee and Mykland (2008) test. They modify the test

to account for diurnal variance patterns. Both tests rule out microstructure noise and rely

on an estimate of the spot variance path that is not robust to microstructure noise. Em-

pirical applications of these tests are therefore based on sampling intervals that mitigate

noise effects. However, sampling at high frequencies is of key importance for spot variance

estimation and jump detection. Since financial time series are now widely available at high

frequencies (see Table 1 of Shephard and Sheppard, 2010) sampling at low frequencies

discards available information. For instance, if asset prices are observed each second, then

sampling every 15 minutes discards 899 out of every 900 observations.

In this chapter we adopt a consistent estimator of integrated variance to estimate the

spot variance path based on price observations which are sampled at ultra-high frequen-

cies. The estimated spot variance path in a jump-diffusion framework with microstructure

noise allows us to extend the jump test statistic of Lee and Mykland (2008). We study the

impact of leverage effects, microstructure noise, rounding of prices and diurnal patterns on

our proposed spot variance estimate as well as on our extended jump statistic by means of

a Monte Carlo study.

We conduct an empirical study for the intraday EUR/USD exchange rates at different

sampling intervals over the period of July 2 to December 31, 2007. The difference between

the daily estimates of quadratic variation and integrated variance indicates the presence

of jumps at the considered sampling intervals. However, when sampling intervals increase,
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we are not able to detect jumps for some days even though the estimated relative jump

variation has a substantial level. As shown in the simulations, the accuracy of the spot

variance estimation and the power in jump detection both increase when based on finer

sampling intervals.

The remainder of this chapter is organized as follows. Section 2.2 discusses the estima-

tion of spot variance path. Section 2.3 deals with the robust estimation of the intraday

return periodicity. Section 2.4 reviews the Lee-Mykland jump test and proposes an ad-

justed statistic. In Section 2.5 we present and discuss the results of a Monte Carlo study.

Section 2.6 presents an empirical illustration, while Section 2.7 concludes.

2.2 Integrated and Spot Variance

2.2.1 General framework

For the modeling of asset prices in continuous-time, we adopt a jump-diffusion process in a

similar way as Barndorff-Nielsen and Shephard (2004), Jiang and Oomen (2008), Lee and

Mykland (2008) and many others. The efficient log price process Xt is assumed to follow

a Brownian semi-martingale plus jumps defined as

dXt = σtptdWt + κtdNt, t ≥ 0, (2.1)

where σt > 0 is the stochastic part of spot volatility, pt > 0 is the deterministic diurnal part

of spot volatility, Wt is a standard Brownian motion, κt is a random variable with mean

µκ(t) and variance σ2
κ(t) and Nt is a counting process that represents the number of jumps

in the price path up to time t. We allow for leverage effects, that is (negative) correlation

between Wt and σt. In this section we have pt = 1, ∀t in (2.1) and in Section 2.3 we take

pt as a deterministic function of time. Our aim is to estimate stochastic variance σ2
t by

means of a consistent estimator of integrated variance for a local window [t − h, t] with

h → 0. We assume some degree of smoothness for the spot variance path as in Lee and

Mykland (2008), Ogawa and Sanfelici (2008) and Kristensen (2010). For example, in the

Monte Carlo study of Section 2.5, we use the Heston variance process driven by Brownian

motion.

The price observations for (2.1) are assumed to be available at normalized equidistant

times 0 = t0 < t1 < . . . < tn = 1, where the interval [0, 1] represents a trading day. Let

∆ = ti − ti−1 = n−1 be the distance between two adjacent price observations such that

∆ → 0 when n → ∞. The observed log price Yti is the underlying efficient log price Xti

plus error,

Yti = Xti + εti , (2.2)

where εti represents market microstructure noise with E[εti ] = 0, E[εtiεtj ] = 0 for i 6= j and

E[ε2
ti

] = $2. We further assume that the efficient price Xti and the microstructure noise
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εti are independent of each other at all lags and leads, i.e. E[Xtiεtj ] = 0 for any i, j. In

Section 2.4, when testing whether the price increment Yti−Yti−1
is contaminated by a jump,

additionally it is assumed that the microstructure noise follows a Gaussian distribution.

However our simulations in Section 2.5 show that this assumption can be relaxed to allow

the microstructure noise be compounded by the effect of rounding prices, with little effect

on the resulting jump test statistic.

If there are no jumps, this set of assumptions implies that the variance and autocovari-

ance structure of price increments is given by

E
[
(Yti − Yti−1

)(Yti−k − Yti−1−k)
]

=


∫ ti
ti−1

σ2
sds+ 2$2, if k = 0,

−$2, if k = 1,

0, if k > 1.

(2.3)

The first order autocorrelation coefficient of price increments is negative with a lower limit

of −1/2 and all higher order autocorrelations are zero. We will use the result of (2.3) to

estimate $2 from the data.

2.2.2 Integrated variance

The quadratic variation (QV) of the efficient price process (2.1) over the interval [0, 1]

(trading day) is defined as

QV[0,1] = plim
∆→0

n∑
i=1

(Xti −Xti−1
)2, (2.4)

which in case of price process (2.1) can be decomposed into integrated variance (IV) and

jump variation (JV)

QV[0,1] = IV[0,1] + JV[0,1], (2.5)

where

IV[0,1] =

∫ 1

0

σ2
t dt and JV[0,1] =

N1∑
j=1

κ2
j . (2.6)

The convergence results of the IV estimators rely on the continuous-time framework. For

instance, the realized bipower variation (BPV) defined as

BPV[0,1] =
π

2

n∑
i=2

|Xti −Xti−1
||Xti−1

−Xti−2
|, (2.7)

is a consistent estimator of IV[0,1] in the absence of microstructure noise, see Barndorff-

Nielsen and Shephard (2004). However, increasing the sampling frequency in the presence

of microstructure noise leads to a severe upward bias in BPV, see Huang and Tauchen
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(2005). For consistent estimation of IV in the presence of jumps, noise and rounding

effects, one can use the pre-averaging approach. We use the pre-averaged bipower variation

(PBPV) estimator, see Podolskij and Vetter (2009b), Jacod, Li, Mykland, Podolskij, and

Vetter (2009a) and Podolskij and Vetter (2009a).

For applying PBPV, we select Θ ∈ (0,∞) and integer kn such that

kn
√

∆ = Θ + o(n−
1
4 ), (2.8)

and we select a weight function q(u) on the [0, 1] interval for some variable u with q(0) =

q(1) = 0. Podolskij and Vetter (2009a) take q(u) = min(u, 1 − u) for 0 ≤ u ≤ 1. The

PBPV estimator is then given by

PBPV[0,1](l, r) = n
l+r
4
−1

n−2kn+1∑
i=0

|Ȳi|l|Ȳi+kn|r, (2.9)

where

Ȳi =
kn−1∑
j=1

q (j/kn) (Yti+j − Yti+j−1
), (2.10)

and for l, r > 0. The estimator (2.9) is the (l, r) order of pre-averaged bipower variation.

We only consider the cases (l, r) = (2, 0) and (l, r) = (1, 1). The PBPV estimator (2.9) is

biased due to microstructure noise (see Theorem 1 and 2 of Podolskij and Vetter, 2009a).

The bias term depends on the microstructure noise variance $2 which we estimate on the

basis of (2.3), that is

$̂2 = − 1

n− 1

n∑
i=2

(Yti − Yti−1
)(Yti−1

− Yti−2
), (2.11)

see also Oomen (2006). The bias-corrected PBPV is then given by

P̂BPV[0,1](l, r) =
µ−1
l µ−1

r

Θϕ2

PBPV[0,1](l, r)−
ϕ1

Θ2ϕ2

$̂2, (2.12)

where µp = E[|z|p] for z ∼ N (0, 1) such that µ1 =
√

2/
√
π and µ0 = µ2 = 1 and where

ϕ1 =

∫ 1

0

(q′(u))2du, ϕ2 =

∫ 1

0

(q(u))2du,

with q′(u) as the first derivative of q(u) with respect to u. In case q(u) = min(u, 1 − u),

we have ϕ1 = 1 and ϕ2 = 1
12

. The choice of (l, r) and the use of non-overlapping pre-

averaged statistics in (2.9) both lead to different results. While PBPV[0,1](l, r) with (l, r) =
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(2, 0) measures daily quadratic variation QV[0,1], then with (l, r) = (1, 1) it measures daily

integrated variance IV[0,1]. The relative jump variation (RJV) is estimated by

R̂JV[0,1] = 100×
P̂BPV[0,1](2, 0)− P̂BPV[0,1](1, 1)

P̂BPV[0,1](2, 0)
, (2.13)

and measures the percentage contribution of jumps in total price variation for a trading

day. Finally, Jacod et al. (2009a) show that for the special case with q(u) = min(u, 1− u),

σt ≡ σ and dNt = 0,∀t in (2.1), an optimal Θ is obtained by minimizing the asymptotic

variance of the estimator, and they obtain Θ = 4.777$/σ. We follow the authors in their

suggestion to fix Θ = 1/3, such that kn = [1/3
√
n ]; for instance, kn = 98 when n = 86400

and ∆ = 1sec in a 24h market.

2.2.3 Spot variance

The spot variance is defined as the derivative of the integrated variance

σ2
t = lim

h→0

IV[t−h,t]

h
, (2.14)

where IV[t−h,t] =
∫ t
t−h σ

2
sds, h > 0, and can be estimated by

σ̂2
t =

nÎV[t−h,t]

hn
, (2.15)

where ÎV[t−h,t] is an unbiased and consistent estimator of IV[t−h,t], and hn = hn, with

hn →∞ satisfying hn/n→ 0. The spot variance can be estimated for each observation at

time ti. In the absence of microstructure noise, the spot variance is consistently estimated

by

σ̂2
ti

=
µ−2

1 n

hn

i∑
j=i−hn+1

|Xtj −Xtj−1
||Xtj−1

−Xtj−2
|, (2.16)

for the ith observation. However, to estimate σ2
t in the presence of jumps and additive

noise, we adopt (2.12) to obtain

σ̂2
ti

=
µ−2

1 n1/2

Θϕ2hn

i−2kn∑
j=i−hn

|Ȳj||Ȳj+kn| −
ϕ1

Θ2ϕ2

$̂2, (2.17)

for the ith observation. Since kn is of order n1/2, we consider hn = nβ with β ∈ (1/2, 1].

In case i − hn < 0, we take a practical stance and use price realizations from a previous

day, disregarding issues related to overnight returns. We refer to Bandi and Reno (2009)

for a general theory of spot variance estimation.



18 Chapter 2. Measuring Spot Variance and Testing for Jumps

The choice of the local window h for IV[t−h,t] estimation is subject to a trade-off between

bias and variance of the spot variance estimator. A small h leads to an increased variation

of the estimator but it does not restrict σ2
t to be constant over a larger time interval.

A large h assumes σ2
t to be constant over a large window and increases bias when spot

variance is more volatile. The simulation study in Section 2.5.3 will show that different

spot variance specifications and different choices of window length in (2.17) lead to different

levels of estimation error.

2.3 Intraday Periodicity

2.3.1 Preliminaries

The intraday periodic patterns in return variance are mostly due to the opening, lunch-

break and closing of the own market and other markets. The variance and autocorrelation

functions of absolute intraday returns are typically U-shaped and persistent, see Andersen

and Bollerslev (1997). We allow for diurnal patterns by decomposing spot volatility in the

price process (2.1) into a stochastic variable σt and a smooth deterministic multiplier pt.

2.3.2 Model with periodicity and noise

The efficient log price process (2.1) has spot volatility σtpt where pt is higher (lower) than

unity when intraday trading activity due to periodic effects increases (decreases). We

further assume that

(i)
∫ 1

0
p2
tdt = 1;

(ii) the diurnal pattern pt is the same for each trading day;

(iii) the efficient price increment Xti − Xti−1
is observed with noise term εti − εti−1

that

has mean zero and variance 2$2p2
ti

;

In practice, assumption (i) is sufficient to ensure that the integrated variance IV[0,1] es-

timate for an entire trading day is not affected by intraday periodicity pt, see also the

discussion in Barndorff-Nielsen and Shephard (2004). However, in case we estimate σtpt
using observations from an interval smaller than one trading day, diurnal patterns do

matter. Assumption (ii) can easily be relaxed to allow the diurnal pattern to depend on

the day-of-the-week. This possibility will be used in the application. Assumption (iii) is

motivated by Kalnina and Linton (2008) who have considered equity data and estimated

U-shaped intraday variance patterns in microstructure noise. However, it does imply that



2.3. Intraday Periodicity 19

the noise-to-signal ratio

NSRti =
2$2p2

ti

σ2
tip

2
ti∆ + 2$2p2

ti

=
2$2

σ2
ti∆ + 2$2

, (2.18)

is not subject to a diurnal shape. Otherwise, the constant Θ in the pre-averaged based

estimator (2.8) would be a function of the diurnal shape pt. The issue of periodic behavior

of Θ is not considered here. The diurnal effect is therefore a strict multiplicative effect and

it does not affect the noise-to-signal ratio.

2.3.3 Periodicity extraction

Assumption (ii) implies that the estimation of the diurnal effect can be based on financial

returns from multiple trading days. For this purpose, we denote the observed price, spot

variance, microstructure noise variance and pre-averaged bipower estimator (2.12) at time

ti on day d by

Yd+ti , σ2
d+ti

, $2
d, and P̂BPVd(l, r),

respectively, for days d = 1, . . . , D. We follow Boudt et al. (2011) in benchmark estimation

of the periodic component pti on the basis of cross-sectional variances. In case of no jumps

in the price process (2.1), the mean and variance of the price increment

Yd+ti − Yd+ti−1
= Xd+ti −Xd+ti−1

+ εd+ti − εd+ti−1
, (2.19)

are given by

E
[
Yd+ti − Yd+ti−1

]
= 0 and Var

[
Yd+ti − Yd+ti−1

]
= σ2

d+ti
p2
ti

∆ + 2$2
dp

2
ti
. (2.20)

Given assumption (ii), price increments at time ti for all D days have a common deter-

ministic multiplier pti . When all price increments are standardized based on σ2
d+ti

∆+2$2
d,

then the variance of the standardized increments is equal to p2
ti

. The cross-section over

days of the standardized increments at time ti is used to estimate p2
ti

using all D days.

The estimation of p2
ti

requires estimates for σ2
d+ti

and $2
d. We treat σ2

d+ti
≡ σ2

d as

constant over the dth day and P̂BPV[0,1](1, 1) of (2.12) provides its estimate. We take

(2.11) as an estimate for $2
d. To satisfy assumption (i), we normalize the diurnal estimator

for p2
ti

by

p̂2
ti

=
n
∑D

d=1R
2
d+ti∑n

j=1

∑D
d=1 R

2
d+tj

, (2.21)

where

R2
d+ti

=

(
Yd+ti − Yd+ti−1

)2

n−1P̂BPV[0,1](1, 1) + 2$̂2
d

, (2.22)
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for i = 1, . . . , n. Our approach differs from Andersen and Bollerslev (1998b) in which σ2
d is

estimated on the basis of a generalized autoregressive conditional heteroskedasticity model

for daily returns and hence does not use intra-daily data for the estimation of the daily

variance.

2.3.4 Robust estimation of intraday periodicity

In case jumps are present in the price process (2.1), we need to modify estimator (2.21)

to keep it smooth. Since theory provides no specific guidelines regarding the shape of

intraday periodicity, we propose to locally smooth the cross-sectional variances (2.21) via

the weighted average

̂̄p2

ti
=

n∑
j=1

ωij p̂
2
tj
, (2.23)

where ωij is the normalized weight such that
∑n

j=1 ωij = 1, for i = 1, . . . , n. The weights

are obtained from a two-sided exponentially weighted moving average (EWMA) smooth-

ing scheme and depend on a discounting factor. The EWMA weighting scheme can be

implicitly obtained from a local level model in levels, as discussed in Durbin and Koopman

(2001, §3.4). The local level model for the periodic estimates p̂2
tj

is given by

p̂2
ti

= p̄2
ti

+ ζti , (2.24)

p̄2
ti+1

= p̄2
ti

+ ηti , (2.25)

where we treat p̂2
ti

as the observation and p̄2
ti

as the unknown signal that needs to be esti-

mated. The disturbances ζti and ηti are mutually and serially independent with mean zero

and variances σ2
ζ and σ2

η, respectively. The signal is modeled as a random walk process with

Gaussian disturbances (or increments) ηti . By applying the Kalman filter and smoother

to the local level model (2.24)-(2.25) we obtain the estimate for p̄2
ti

that is computed as

(2.23) with the discount factor depending on the variance ratio σ2
η/σ

2
ζ . The variances can

be estimated by the method of maximum likelihood where the loglikelihood function of the

local level model is obtained from the Kalman filter; see Durbin and Koopman (2001, Ch.

2).

We expect that jumps in the return series will cause outliers in the “observations” p̂2
ti

.

To obtain robust estimates for p̄2
ti

, we let the disturbances ζti to come from a Student’s t

distribution. In Harvey and Koopman (2000) the effect of the Student’s t distribution for

ζti on outlying observations p̂2
tj

is illustrated in detail. The outlying observations receive

weights ωij which are close to zero, depending on the severeness of the outlier in relation

to the degrees of freedom of the t distribution. The jumps do not influence the smoothed
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periodicity estimate as a result.1 We emphasize that the local level model for p̂2
ti

does not

have any implications for our theoretical framework in Section 2; it only facilitates the

construction of robust EWMA weights in (2.23). The estimation of parameters (including

the degrees of freedom) and the signal p̄2
ti

of the Student’s t local level model relies on

computationally efficient Monte Carlo methods and are based on importance sampling

techniques; see Durbin and Koopman (2001) for a detailed discussion. The computations

are carried out in Ox (Doornik, 2009) using SsfPack of Doornik, Koopman, and Shephard

(1999).

2.4 Intraday Jump Testing

2.4.1 Lee and Mykland test

Consider the price process (2.1) with pt = 1 and assume that a realization Xti from

(2.1) can be observed without noise. The jump test statistic of Lee and Mykland (2008)

standardizes the increment Xti −Xti−1
by a local measure of variation for the continuous

part of the price process. In case a jump occurs in the (ti−1, ti] interval, the realized price

increment Xti −Xti−1
is obviously larger than we can expect from the continuous part of

the price process. The Lee and Mykland jump test statistic (LMJ) exploits this notion and

proposes a nonparametric statistic to test the hypothesis whether a jump has occurred in

the interval (ti−1, ti]. The LMJ test LLMJ is based on the asymptotic distribution of the

maximums of absolute values of standard normal variables,

LLMJ =
maxi∈[1,n]|L(ti)| − Cn

Sn
, (2.26)

where the constants Cn and Sn are given by

Sn = (2log n)−
1
2 and Cn = S−1

n −
1

2
(log π + log log n)Sn, (2.27)

and where

L(ti) =
Xti −Xti−1

σ̂ti
√

∆
, (2.28)

is standard normally distributed under the null hypothesis of no jumps. Lee and Mykland

(2008) compute the spot variance estimate σ̂2
ti

by the locally averaged bipower variation

(2.16) over the window [ti−hn , ti−1] with sufficiently large hn, say hn = 270 for ∆ = 5min.

The test statistic LLMJ in (2.26) has a standard Gumbel distribution. The null hypothesis

of no jump in (ti−1, ti] is rejected when |L(ti)| > Snα
∗ + Cn at the significance level α%

with α∗ = −log (−log (1− α)).

1In the simulation exercise this effect is most clearly seen from Figure 2.1 in panels iii-b) to v-b), where

the contaminated periodicity in period 15:00-15:01 is given an effective weight of zero.
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The arrival of a jump of size κ∗ in the interval (ti−1, ti] leads to an increase of Xti−Xti−1

by κ∗ and thus L(ti) in (2.28) is not standard normally distributed. The jump size κ∗ in

L(ti) is divided by σ̂ti
√

∆ and L(ti) → ∞ when ∆ → 0, so statistic becomes sufficiently

large to detect the jump arrival as ∆→ 0, implying that more frequent sampling increases

the power of the test (see Theorem 2 of Lee and Mykland, 2008).

2.4.2 A jump test correction for periodicity and microstructure

noise

When the locally averaged bipower variation estimator is used for spot variance in the

presence of microstructure noise, the statistic L(ti) in (2.28) is not standard normal under

the null hypothesis of no jumps. Therefore, the LMJ test statistic (2.26) is not valid when

microstructure noise is present. Also, when the intraday return variation is subject to

periodicity, Andersen et al. (2007) and Boudt et al. (2011) argue that spurious jumps can

be detected. Here we correct the LMJ test for both periodicity and microstructure noise.

Given the assumptions on the microstructure noise in Section 2.2.1, assumptions (i)-

(iii) of Section 2.3.2 and under the null hypothesis of no jumps in the price process (2.1),

the realized price increment (2.19) is normally distributed with mean and variance given

by (2.20). We adopt these results to modify the LMJ test statistic (2.26) by replacing L(ti)

with L̃(ti) as given by

L̃(ti) =
Yti − Yti−1

ŝti
, (2.29)

where ŝ2
ti

= σ̂2
ti
p̂

2

ti
∆ + 2$̂2p̂

2

ti
, with the periodic multiplier p2

ti
estimated as described in

Section 2.3.4 and where σ̂2
ti

and $̂2 are given by (2.17) and (2.11), respectively. The

variable L̃(ti) is standard normal and our corrected test statistic L̃LMJ (cf. (2.26)) remains

to have a Gumbel distribution under the null hypothesis of no jumps.

The arrival of a jump of size κ∗ in the interval (ti−1, ti] leads to an increase of Yti−Yti−1

by κ∗ and thus L̃(ti) in (2.29) is not standard normally distributed. The jump size κ∗ in

L̃(ti) is divided by ŝti and the discontinuous part is now proportional to κ∗/
√

2$pti as

∆ → 0. Hence, jump detection in the presence of microstructure noise depends on the

magnitude of price contamination. When the standard deviation of microstructure noise

increases, the statistic L̃(ti) decreases, with the implication that small jumps are more

difficult to detect.

We follow Hansen and Lunde (2006) and the discussion by Diebold (2006) who argue

that the assumption of normality for the microstructure noise is not plausible when the price

discreteness is taken into account. When the price increments Yti−Yti−1
are living on a grid

defined by the tick-size, the distributions of L̃(ti) and related L̃LMJ can be distorted. When

the distributions of the one-period price increments give support to multiple ticks, the

density of the test statistics L̃LMJ can be approximated accurately by the Gumbel density;
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we provide simulation evidence in Section 2.5.4. Multiple ticks are typically obtained when

the volatility is sufficiently high and/or the rounding effect is small.

2.5 Monte Carlo Studies

In this section we conduct a set of Monte Carlo experiments to study the finite sample

properties of the intraday periodicity and the spot variance path estimation procedures as

discussed in the previous sections. Furthermore we study the small-sample performance

of our intraday jump testing procedure. We first present the design of the Monte Carlo

study.

2.5.1 Design of Monte Carlo study

The price series are generated by (2.1) which depends on assumptions for spot volatility σt,

periodic multiplier pt and random jump process κt. We adopt the mean-reverting Heston

(1993) process for the spot variance σ2
t that is given by

dσ2
t = ψ(θ − σ2

t )dt+ γσtdW
σ
t , (2.30)

where coefficient ψ > 0 determines the rate at which the variance σ2
t reverts to the long-run

variance θ > 0, coefficient γ determines the variation of the spot variance path and W σ
t

is a standard Brownian motion. The Brownian motions Wt in (2.1) and W σ
t are possibly

contemporaneously correlated, that is E[dWtdW
σ
t ] = ρdt with ρ ∈ (−1, 0]. In case ρ 6= 0,

the variance process is subject to a leverage effect. The multiplicative periodic factor pt in

(2.1) is assumed to be a smooth function. The jump component κt in (2.1) is given by the

product κ̄
√
θptUt where κ̄ determines the size of the jump relative to the long-run volatility

and periodicity, and where Ut is a random variable which takes the values −1 and 1 with

equal probability. To produce the process Nt in (2.1) we allocate via the homogeneous

Poisson process at least one jump over a trading day.

We simulate sample paths for the price process with X0 = 0 using the Euler dis-

cretization method at a time interval ti+1− ti = 86400−1, corresponding to the one second

frequency in a 24h market. Then we sample observations from the price path at different

frequencies ∆; by increasing ∆ the sampling becomes more sparse, which mitigates mi-

crostructure effects. The price increment Xti − Xti−1
is contaminated by microstructure

noise as implied by assumption (iii) of Section 2.3.2.

Our Monte Carlo design is based on the following settings:

• For each experiment, we sample M = 2500 realizations of the prices process. Each

realization is a time series of prices for a single 24h trading day. The length of the

time series depends on sampling frequency ∆ ∈ {1sec, 5sec, 30sec, 1min, 5min}.
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• The stochastic variance specification (2.30) is adopted from Heston (1993) and is

given by the two variants

i) Heston-A: ψ = 1, θ = 0.04, γ = 0.15;

ii) Heston-B: ψ = 8, θ = 0.04, γ = 0.4.

where both variants satisfy the condition 2ψθ ≥ γ2 such that the variance is strictly

positive. The Heston-A specification has the smallest mean-revision parameter and

the smallest value for γ. In both specifications we have θ = 0.04 that corresponds to

a long-run volatility level of 20%.

• The multiplicative periodic diurnal factor is given by p2
ti

= 1 − φcos(2πi/n) with

φ ∈ [0, 1). For φ = 0, we have no diurnal shape in the return variance and in the

microstructure noise variance.

• The jump size is taken from the set κ̄ ∈ {0, 0.05, 0.15, 0.25, 0.5}. For these values

of κ̄, the mean estimates of relative jump variation in (2.13) at ∆ = 1sec have values

R̂JV[0,1] ∈ {0.22%, 0.34%, 2.24%, 6.63%, 23.26%} and R̂JV[0,1] ∈ {0.22%, 0.31%,

2.21%, 6.59%, 23.19%} with $ = 0.001 and $ = 0.004 respectively. When the

data is sampled more sparsely and/or microstructure noise increases, the impact of

jumps decreases. In case κ̄ 6= 0, we enforce at least one jump in a trading day.

• The microstructure noise standard deviation is taken from the set$ ∈ {0, 0.001, 0.004}.
For positive values of $, the ratios of microstructure noise variance and integrated

variance correspond to values found in equity data by Hansen and Lunde (2006, Table

3).

• When a Monte Carlo experiment requires the estimation of periodic factors, we repeat

the simulations for D = 100 trading days. For all other experiments we set D = 1.

• The effect of rounding prices, on estimation of spot variance and on simulated jump

test statistics, is studied as well. We consider rounding prices to the nearest multiple

of g ∈ {0.001, 0.005, 0.01}, for a light, moderate and severe level of rounding.

Each experiment depends on the choice of parameters: φ (periodicity), κ̄ (jump size), $

(standard deviation of microstructure noise) and ρ (leverage effect). Their subsequent

values are specified for each experiment and reported in the discussions, figures and tables.

2.5.2 Periodic patterns in spot variance

We first investigate whether the cross-sectional estimation of the periodic pattern (2.21) in

the spot variance is robust to jumps. To measure the impact of jumps and its sensitivity to
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different weight adjustments in (2.23), we carry out the following experiment. Given the

features of the empirical data in the next section, we consider jumps arriving at fixed time

arrivals (news announcements at 9:00-9.01, 15.00-15.01 and 18.00-18.01) and at random

time arrivals. The jumps themselves are drawn with κ̄ = 0.15. The remaining Monte Carlo

parameters are given by φ = 0.65, $ = 0.001 and ρ = 0.

Figure 2.1: Periodicity extraction
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Note: Heston-A specification with φ = 0.65, κ̄ = 0.15, $ = 0.001, ρ = 0, ∆ = 1min and D = 100. Panel i) presents square

root of cross-sectional variances (dotted line) and true periodic factor (solid line); ii) presents estimates from OWM-N (dotted

line), OWM-t (dashed line) and true periodic factor (solid line); panels iii), iv) and v) present ωij in (2.23) for 20 lags/leads

for OWM-N iii-a)− v-a), and OWM-t, iii-b)− v-b), in time interval 14:59-15:00, 15:00-15:01 and 15:01-15:02 respectively.

Figure 2.1 presents the estimated periodic pattern. The benchmark estimate of the

diurnal shape from (2.21) shown in panel i) is affected by jumps. The scheduled news

announcements have an adverse effect. The smoothing method in (2.23) is based on the

model (2.24)-(2.25) with Gaussian or Student’s t disturbances in (2.24). The observation

based weighting method (OWM) in (2.23) with Gaussian (Student’s t) observation dis-

turbances is denoted as OWM-N (OWM-t). Both estimates are presented in panel ii) of

Figure 2.1 and are more smooth relative to benchmark estimate. However, the symmetric

weights ωij implied by the model with Gaussian observation disturbances do not adjust

sufficiently at the jump location and its neighboring time intervals; see panels iii-a) to v-a)

of Figure 2.1. The weights implied by Student’s t observation disturbances are small or

zero at jump locations; see panels iii-b) to v-b) of Figure 2.1. Also, neighboring weights are

not affected by the actual jumps. We can conclude that our last and preferred extraction

procedure is robust to jumps.
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2.5.3 Spot volatility estimation

This section considers the spot volatility estimation with regards to microstructure noise,

periodic pattern, window width and leverage effect.

Presence of microstructure noise and rounding

We focus on the effect of microstructure noise and compare performance of σ2
t estimator

based on bipower variation (2.16) and pre-averaged bipower variation (2.17). The Monte

Carlo parameters are given by φ = 0, ρ = 0 (no periodicity and no leverage), $ ∈ {0, 0.001}
and rounding effect g ∈ {0, 0.005}.

Figure 2.2: Comparison of spot variance estimators
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Note: Root mean squared error (RMSE) of spot variance against sampling frequency. Panel i) with no microstructure noise

$ = 0; ii) with microstructure noise $ = 0.001, iii) with microstructure noise $ = 0.001 and rounding prices to the nearest

multiple of g = 0.005. Triangles correspond to spot variance estimator based on bipower variation (2.16), diamonds to

pre-averaged based estimator (2.17). Heston-B specification with hn = n0.8, φ = 0, ρ = 0, κ̄ = 0.25.

Figure 2.2 presents the root mean squared error (RMSE) of the estimated spot vari-

ance against the sampling frequency. Without microstructure noise or rounding, the best

estimation performance for both estimators is obtained at the finest frequency as shown

in panel i). The bipower variation based spot variance estimator (2.16) has lower RMSE

than the pre-averaged based estimator (2.17) when the sampling frequency increases. With

microstructure noise, the (2.16) estimator is not optimal for the finest sampling frequency;

see panel ii) of Figure 2.2. The RMSE dramatically increases when ∆→ 0 for the bipower

variation estimator (2.16). On the other hand, the pre-averaged based estimator (2.17)

has the lowest RMSE when data is sampled at the finest frequency. It shows that the

correction for bias due to microstructure noise is effective. There is no need to search for

an optimal sampling frequency as in the case of bipower variation. Finally, we consider

a combination of additive noise and moderate rounding in panel iii). In general, the pre-

averaging step regularizes the price process and reduces the effects of price discreteness. It
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is seen that rounding-off prices, as an additional source of frictions, does not impact the

pre-averaged based estimator of spot variance, while the upward bias of bipower variation

increases further when ∆→ 0.

Effect of periodic patterns

Here we show the importance of having separate estimation procedures for the spot variance

components σt and pt in (2.1). We focus on the impact of periodicity on the joint estimation

of σtpt based on pre-averaged estimator. We consider jumps and noise with the Monte Carlo

parameters given by $ = 0.001, ρ = 0 and κ̄ = 0.25.

Figure 2.3: Bias due to intraday periodicity
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Note: Estimates of spot volatility as a function of β; hn = nβ . Crosses correspond to 2.5%, 50% and 97.5% quantiles based

on M = 2500, solid line is the true value. Panels correspond to four different points of time: i) 00:00; ii) 03:00; iii) 09:00;

iv) 12:00. Top panels with φ = 0 (no diurnal pattern) and bottom panels with φ = 0.95 (diurnal pattern). For both, ρ = 0,

κ̄ = 0.25, $ = 0.001 and ∆ = 1sec.

Figure 2.3 presents estimates of σtpt obtained by using different window widths de-

termined by β, i.e. hn = nβ for β ∈ (1/2, 1]. Four different intraday points of time are

shown. The top panels of Figure 2.3 correspond to φ = 0 (no periodicity) and the bottom

panels show impact of diurnal shape with φ = 0.95. Even though the periodic variance is

smooth and data is sampled at the highest frequency ∆ = 1sec, the presence of diurnal

pattern induces a systematic bias which increases when the width of the local window gets

larger. Periodic patterns have therefore an adverse effect on the joint estimation of the

spot variance. The systematic bias increases when the data is sampled more sparsely and

with more pronounced periodic patterns.

Selection of window width

Next we turn our attention to the estimation of the stochastic component in spot volatil-

ity and the choice of the window length in (2.17). We consider hn = nβ with β ∈
{0.6, 0.7, 0.8, 0.9}.
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Figure 2.4: Choosing the window width
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Note: An example of actual (solid line) vs. estimated (dashed line) spot volatility path based on hn = nβ . Heston-A

specification with φ = 0, ρ = 0, κ̄ = 0.25, $ = 0.001, ∆ = 1sec

Figure 2.4 presents estimated paths over a trading day for the Heston-A variance spec-

ification. Estimation based on the small window n0.6 leads to high variation of the spot

variance estimator; see panel i). When the long window n0.9 is taken, a highly smooth

estimate is obtained, see panel iv) of Figure 2.4.

Table 2.1 presents simulation results for the selection of the optimal bandwidth for

Heston-A and Heston-B specifications. We obtain the following findings. For both speci-

fications, the mean squared error (MSE) increases when the sampling is more sparse. For

all sampling frequencies, the measures of fit for Heston-A are more satisfactory than the

ones for Heston-B. The lowest MSEs are obtained for hn = n0.8 (Heston-A) and hn = n0.7

(Heston-B). This result is robust up to the sampling frequency ∆ = 5min.

When we allow for a leverage effect with ρ = −0.75, we do not find any adverse effect

on the estimation performance; see the lowest panels of Table 2.1, where we compare the

resulting MSEs relative to the no leverage case with ρ = 0. The obtained MSEs are very

much the same with ratios oscillating around unity.

2.5.4 Intraday jump testing

In this section we investigate the distribution of the test statistic under the null of no

jumps in the price process. Also, effective power and size are studied, and how these are
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Table 2.1: Bandwidth selection

∆ = 1sec ∆ = 5sec ∆ = 30sec ∆ = 1min ∆ = 5min

Heston-A

ρ = 0

β = 0.6 2.066 1.614 2.787 2.046 5.695

β = 0.7 1.186 1.062 1.522 1.128 1.897

β = 0.8 1.000[0.001] 1.000[0.011] 1.000[0.113] 1.000[0.283] 1.328

β = 0.9 1.778 1.284 1.161 1.098 1.000[2.403]

ρ = −0.75

β = 0.6 2.107 1.600 2.823 2.052 5.552

β = 0.7 1.207 1.051 1.535 1.128 1.846

β = 0.8 1.000[0.001] 1.000[0.011] 1.000[0.112] 1.000[0.280] 1.333

β = 0.9 1.788 1.300 1.174 1.005 1.000[2.407]

ρ = −0.75/ρ = 0

β = 0.6 1.019 0.982 1.001 0.993 0.977

β = 0.7 1.017 0.988 0.997 0.990 0.975

β = 0.8 0.999 0.991 0.988 0.990 1.006

β = 0.9 1.004 1.003 1.001 0.996 1.002

Heston-B

ρ = 0

β = 0.6 1.134 1.029 1.382 1.241 2.592

β = 0.7 1.000[0.003] 1.000[0.021] 1.000[0.256] 1.000[0.546] 1.119

β = 0.8 1.777 1.644 1.177 1.311 1.000[5.743]

β = 0.9 4.376 3.125 1.834 1.891 1.107

ρ = −0.75

β = 0.6 1.139 1.025 1.389 1.237 2.588

β = 0.7 1.000[0.003] 1.000[0.021] 1.000[0.259] 1.000[0.550] 1.120

β = 0.8 1.768 1.649 1.176 1.320 1.000[5.732]

β = 0.9 4.371 3.122 1.849 1.903 1.122

ρ = −0.75/ρ = 0

β = 0.6 1.008 0.997 1.009 1.005 0.997

β = 0.7 1.004 1.000 0.997 1.009 0.999

β = 0.8 0.998 1.004 0.996 1.016 0.998

β = 0.9 1.002 0.999 1.004 1.015 1.011

Note: The entries present the mean-squared errors (MSE) relative to the smallest one (between brackets ×106) within the

model setup, e.g. {∆ = 1sec, ρ = 0}. Panel ρ = −0.75/ρ = 0 compares MSEs with and without leverage effect. It holds,

φ = 0, $ = 0.001, κ̄ = 0.25. Estimation done over a local window hn = nβ with β = {0.6; 0.7; 0.8; 0.9}.

influenced by possible rounding of the prices.

Null distribution of the jump test statistic without rounding

We study the distributions of the jump test statistic based on empirical densities of the

maximums of the test statistic under the absence of jumps and compare those to the the-

oretical standard Gumbel distribution. We compute the empirical density of test statistic

(2.26) based on the original L(ti) in (2.28), and the extended test statistic based on L̃(ti)

in (2.29).

Figure 2.5 presents empirical densities of simulated test statistics. To see the impact of

microstructure noise, periodicity and leverage effect, we study the empirical distributions

under the null separately for each of these features shown in panels i)-iii).
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Figure 2.5: Simulated test densities
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Note: Theoretical density of the jump test statistic (dotted line) versus empirical density under the null of no jumps. Panels

a) for LMJ test (2.26) based on original L(ti) in (2.28); panels b) for extended LMJ test based on L̃(ti) in (2.29). Heston-A

specification with ∆ = 1sec and M = 2500. Panels i) present effect of noise with $ = 0.004; panels ii) of periodicity with

φ = 0.95; panels iii) present effect of leverage with ρ = −0.75. Grey area is the rejection region at the α = 1% significance

level; α∗ = 4.6001.

The left-hand panels show the impact of microstructure noise with $ = 0.004. The

empirical distribution of the original LMJ test based on L(ti) is affected, as the mass of the

density shifts to the left as seen in i-a) relative to the theoretical density. Thus, instead

of bipower variation (2.16) we apply pre-averaged bipower variation (2.17). Further, the

variance of microstructure noise has to be accounted for, because when ∆→ 0, then NSR in

(2.18) approaches unity and a larger proportion of return variation is due to microstructure

effects. The empirical density of the extended LMJ test L̃LMJ based on L̃(ti) coincides with

the theoretical Gumbel density; see panel i-b).

The impact of the diurnal pattern with φ = 0.95 is shown in the middle panels. Intraday

periodicity has an adverse effect on the LMJ test as seen in ii-a), where it overrejects the

null of no jump. This effect was noticed before by Boudt et al. (2011). Pronounced

diurnal patterns lead to systematic bias in the spot variance estimator, unless a very

small local window is selected at the cost of lack of robustness against jumps and inflated

variation of the estimator; see the discussion in Section 2.5.3. We estimate the spot variance

components separately and panel ii-b) shows the appropriate empirical density of extended

test based on L̃(ti).

We allow for the leverage effect with ρ = −0.75 and present the resulting empirical
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densities in the right-hand panels. The negative correlation in price-variance innovations

slightly shifts the mass of the empirical densities to the right. It is more apparent in the

original LMJ test based on L(ti) as seen in panel iii-a). Both tests can possibly overreject

the null of no jump due to the leverage.

Effect of rounding on the jump test statistic

When prices live on a grid defined by the tick-size g, the distribution of the test statistic

L̃LMJ can be distorted.

Figure 2.6: Effect of price discreteness
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Note: Theoretical density of the extended jump test statistic (2.29) versus empirical density under the null of no jump. The

panels show the impact of additive microstructure noise $ = 0.004 combined with rounding prices to levels of multiples

of g = 0.001 (left panels), g = 0.005 (middle panels) and g = 0.01 (right panels). The top panels present an example of

simulated log returns; bottom panels present the empirical densities of the extended jump test under Heston-A specification

with ∆ = 1sec and M = 2500. Grey area is the rejection region at the α = 1% nominal significance level according to the

Gumbel density.

The top panels of Figure 2.6 present the histograms of simulated returns, with a mi-

crostructure noise of $ = 0.004 and the following three levels of rounding. The left panel

uses a light rounding of prices up to multiples of g = 0.001, the middle panel exhibits mod-

erate rounding (g = 0.005) and the right panel displays severe rounding up to multiples

of g = 0.01. The rounding takes place on the prices rather than on the log-prices. The

support points of the log-returns vary therefore with the level of the price process.

The bottom panels of Figure 2.6 present the simulated distributions of the extended

test statistic. We learn that with light rounding, the test statistic is consistent with the

asymptotic Gumbel distribution as obtained in panel i-b). Increasing the rounding to
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g = 0.005 leads to a small size distortion, see panel ii-b). However, when rounding effect

is severe and price increments with mostly one-tick changes are observed, the simulated

distribution of the test statistic in panel iii-b) is clearly affected. In this case, the use of a

critical value based on the Gumbel density leads to an incorrectly sized test.

The presented simulation results depend on the combination of the average level of spot

variance, sampling frequency, initial price level, and amount of microstructure noise. Each

of those variables defines, together with the level of rounding g, the severity of discreteness

in the return sequence. In our empirical study in Section 2.6, the rounding effect is light

to moderate. We therefore expect a minor impact of rounding on our test statistic.

Effective power and size

We investigate effective power and size of the extended LMJ statistic (2.26) based on L̃(ti)

in (2.29). The effective power shows how many jumps are correctly identified, that is 1

minus the frequency of failure to detect an actual jump. On the contrary, the effective size

is interpreted as the probability at each ti of a spurious jump detection that asymptoti-

cally equals α% × ∆. The more volatile the volatility process is, the more difficult jump

detection becomes, see Lee and Mykland (2008). Our focus here centers on how sparse

sampling, microstructure noise and leverage affect detection of jumps. For brevity, we

confine ourselves to the Heston-A specification.

Table 2.2 presents simulation results for the effective power of applying the test to

each individual price increment. As price observations are sampled more sparsely and

∆ increases, the power to detect smaller-sized jumps decreases rapidly. For instance, for

$ = 0.001 and ρ = 0, the extended test detects 74.38% of all jumps with size κ̄ = 0.05 at

∆ = 1sec, while only 0.06% at ∆ = 5min. The jumps from κ̄ = 0.5 are well detected at

∆ = 5min. This is not surprising given that such jumps contribute around 11% to total

price variation. Additional microstructure noise has an adverse effect on detecting small

jumps. When $ increases from 0.001 to 0.004, only 0.02% of all jumps are detected instead

of the original 74.38%. In case $ = 0.004, the smallest jumps are not distinguishable from

the innovations coming from the continuous part of the process. For the smaller jumps

from κ̄ = 0.05 and κ̄ = 0.15, and large noise power increases initially with increase of ∆ as

microstructure noise is mitigated. Later it decreases again due to sparse sampling.

Table 2.2 also reports the daily effective size, defined as frequency of spuriously detected

jumps divided by ∆. As long as the data is sampled at fine intervals, the increase of

microstructure noise does not affect the effective size of extended test statistic. When we

lower the sampling frequency, the estimate of the stochastic component in spot volatility

becomes too smooth to capture high-frequency volatility movements. This leads to both

power and size distortions.

We do not find a noticeable impact of leverage on the effective power and size of the
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Table 2.2: Power and size of extended test statistics

∆ = 1sec ∆ = 5sec ∆ = 30sec ∆ = 1min ∆ = 5min

$ = 0.001

ρ = 0

κ̄ = 0.05 0.7438 0.3651 0.0209 0.0044 0.0006
[0.009] [0.009] [0.014] [0.012] [0.038]

κ̄ = 0.15 1.0000 1.0000 0.9761 0.7273 0.0761
[0.006] [0.009] [0.013] [0.013] [0.028]

κ̄ = 0.25 1.0000 1.0000 0.9998 0.9993 0.4857
[0.007] [0.009] [0.009] [0.014] [0.027]

κ̄ = 0.5 1.0000 1.0000 0.9998 0.9998 0.9951
[0.010] [0.007] [0.014] [0.015] [0.020]

ρ = −0.75

κ̄ = 0.05 0.7463 0.3647 0.0232 0.0053 0.0004
[0.009] [0.009] [0.016] [0.014] [0.038]

κ̄ = 0.15 1.0000 1.0000 0.9759 0.7263 0.0774
[0.006] [0.009] [0.014] [0.014] [0.028]

κ̄ = 0.25 1.0000 1.0000 0.9998 0.9993 0.4951
[0.006] [0.008] [0.009] [0.015] [0.025]

κ̄ = 0.5 1.0000 1.0000 0.9998 0.9998 0.9960
[0.012] [0.006] [0.015] [0.014] [0.019]

$ = 0.004

ρ = 0

κ̄ = 0.05 0.0002 0.0001 0.0014 0.0004 0.0006
[0.0104] [0.006] [0.006] [0.007] [0.064]

κ̄ = 0.15 0.4190 0.4569 0.3179 0.1890 0.0581
[0.005] [0.006] [0.006] [0.009] [0.052]

κ̄ = 0.25 0.9779 0.9821 0.9636 0.9156 0.4020
[0.008] [0.006] [0.005] [0.005] [0.047]

κ̄ = 0.5 1.0000 1.0000 0.9998 0.9998 0.9907
[0.009] [0.006] [0.006] [0.004] [0.045]

ρ = −0.75

κ̄ = 0.05 0.0002 0.0001 0.0014 0.0003 0.0005
[0.0104] [0.006] [0.006] [0.009] [0.069]

κ̄ = 0.15 0.4074 0.4604 0.3198 0.1896 0.0522
[0.005] [0.006] [0.005] [0.008] [0.060]

κ̄ = 0.25 0.9705 0.9843 0.9666 0.9130 0.4092
[0.007] [0.007] [0.004] [0.005] [0.054]

κ̄ = 0.5 1.0000 1.0000 0.9998 0.9998 0.9924
[0.009] [0.006] [0.006] [0.004] [0.054]

Note: Heston-A specification. Significance level α = 1%, thus α∗ = 4.6001. Effective power equals 1 minus frequency of

failure to detect an actual simulated jump. Effective daily size between square brackets equals probability of detecting a

spurious jump times number of observations per day at the sampling frequency. We set hn = n0.8, φ = 0.95 and M = 2500.

extended test statistic based on L̃(ti) for data sampled at high frequencies. When ∆

increases, the size is however more distorted. For instance, for ∆ = 30sec and ρ = 0,

the empirical daily size of a test equals 0.014 instead of the theoretical α = 0.01, while it

increases to 0.016 when ρ = −0.75. In terms of the effective size, it means an increase of

the probability of a spurious jump detection at each tested time ti from 4.86 ×10−6 to 5.56

×10−6, instead of the theoretical α×∆ of 3.47 ×10−6.
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2.6 Testing for Jumps Empirically

2.6.1 EUR/USD exchange rate data

In our empirical study we analyze the EUR/USD exchange rate data from July 2 to De-

cember 31, 2007.2 The data time span is six months with D = 131 working days. The

transaction price data at the sampling frequencies of 1, 5, and 15 minutes is provided by

Disk Trading3 and measures the price of 1 Euro expressed in U.S. Dollars with a precision

of g = 0.0001. The time set is GMT+1. The percentage returns of the three price series

are computed by taking their first differences in logs and multiplying these by 100.

Table 2.3: Descriptive statistics

∆ mean std.dev. skewness kurtosis ACF1 #obs

1min 3.60e-05 0.014 -0.083 16.954 -0.176 187816
[±0.0046]

5min 1.84e-04 0.027 0.212 22.045 -0.081 37670
[±0.0103]

15min 5.44e-04 0.044 0.234 14.366 -0.043 12571
[±0.0178]

Note: Descriptive statistics of EUR/USD returns. ACF1 is the first order autocorrelation of

raw returns; associated critical range is between square parentheses.

Table 2.3 presents the descriptive statistics of computed returns. The excess kurtosis

of the return series indicates the presence of time-varying volatility and/or jumps. The

first order autocorrelation of raw returns is negative and significant at all frequencies. This

finding is a typical feature of price series contaminated with microstructure noise.

2.6.2 Estimation of diurnal volatility patterns

Figure 2.7 presents diurnal shapes estimated with the benchmark method (Section 2.3.3)

and our robust procedure (Section 2.3.4). Panel i) presents the benchmark p̂ti from (2.21)

at ∆ = 1min sampling frequency. Diurnal shapes are relatively similar for different days

of the week. The main differences arise in the time period of 14.00-17.00, when markets

in the US and Europe overlap. The numerous peaks in the return series correspond to

various scheduled news announcements. European interest rate reports and macroeconomic

releases appear on Tuesday and Wednesday whereas US macroeconomic news and interest

rates decisions are released on Tuesday, Thursday and Friday.

There are numerous outliers in the benchmark p̂ti . To study whether these are caused

by single distortions or are a part of the diurnal shape, panel ii) of Figure 2.7 presents the

2Our empirical study was also conducted on GBP/USD, JPY/USD and CHF/USD exchange rates.

The results are relatively similar, thus for brevity only results for most heavily traded EUR/USD rate are

presented.
3Source: http://disktrading.is99.com.
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Figure 2.7: Intraday periodic patterns
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Note: Periodicity extraction for the EUR/USD returns sampled at ∆ = 1min frequency. Panel i) presents square root of

cross-sectional variance (2.21); ii) presents absolute price increments of consecutive Fridays in the sample in time interval

15:00-15.31; iii) presents estimates of square root of a periodic factor (2.23) based on OWM-N (dotted line) and OWM-t

(solid line).

absolute price increments in the time interval 15.30-15.31 of all Fridays. Two large return

values appear on September, 7 and October, 5, which are the first Fridays of these months.

Both days correspond to news surprises on payroll data from the US labor market survey.4

At this particular intraday time, p̂ti is affected by those two large price increments. To

be robust against such news surprises, the estimation method of Section 2.3.4 is used.

Panel iii) presents the estimated diurnal patterns based on weighting as in (2.23) with

the use of observation disturbances from Gaussian (OWM-N) and Student’s t (OWN-t)

densities. The resulting patterns are much smoother and clearly display repetitive low and

high intraday volatility periods.

Table 2.4 presents the likelihood-based estimation results of the parameters in the

periodicity model (2.24)-(2.25). The largest outliers in this sample are on Thursday and

4The non-farm payrolls, released by the Bureau of Labor Statistics of the US Department of Labor,

measure the number of people on the payrolls of all non-agricultural businesses. At the FX market a high

reading is seen as positive for the US dollar, while a low reading is seen as negative. On September 7, the

actual value of nonfarm payrolls (for August) was 93k, way below expected by market averaged at 108k. On

October 5, the actual value of nonfarm payrolls (for September) was 96k, below expected by market aver-

aged at 108k. On October 5, the actual value of nonfarm payrolls (for September) was 96k, below expected

by market averaged at 100k. According to the economic calendar data at http://www.fxstreet.com/

these came as market surprises.
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Friday, which is reflected by low values for the degree-of-freedom parameter in the Student’s

t distribution (ν = 6.52 and ν = 4.20 respectively). Also, the excess kurtosis, 6
ν−4

, is

remarkably high for these days, especially on Friday (≈ 29.4). Given the low value of

the estimates of ν and numerous outliers in the benchmark p̂ti , the robust method with

Student’s t observation disturbances is preferred.

Table 2.4: Maximum likelihood estimates of the observation weight method

OWM-N OWM-t

σ2
ζ σ2

η σ2
ζ σ2

η ν

Monday 0.0376 0.0003 0.0377 0.0003 14.1876
(0.0015) (0.0001) (0.0017) (0.0001) (5.7772)

Tuesday 0.0398 0.0007 0.0404 0.0005 7.4998
(0.0017) (0.0002) (0.0022) (0.0002) (1.4718)

Wednesday 0.0403 0.0004 0.0403 0.0004 12.2512
(0.0016) (0.0001) (0.0018) (0.0001) (3.6748)

Thursday 0.0378 0.0007 0.0377 0.0006 6.5195
(0.0015) (0.0002) (0.0021) (0.0001) (1.0686)

Friday 0.0524 0.0021 0.0437 0.0008 4.2041
(0.0023) (0.0005) (0.0036) (0.0002) (0.5175)

Note: Estimates of parameters of the periodicity model (2.24)-(2.25) for the EUR/USD rate at ∆ = 1min sampling

frequency. Standard errors between the brackets.

Panels i-a)-iii-a) in Figure 2.8 present the ACFs for absolute and raw returns at ∆ =

1min. The U-shape pattern recurring at a daily frequency in the autocorrelations of

absolute returns can be seen in panel i-a). Due to periodicity, the ACF of absolute returns

is very persistent from day to day as shown in panel ii-a). Panels i-b)-iii-b) present the

ACFs after the diurnal pattern (robustly estimated) is removed. Periodicity is not perfectly

extracted, but the ACF of absolute returns shown in panel i-b) has no clear recurring U-

shaped cycles as comparing panels i-b) and i-a). Moreover, the ACF is not that persistent,

comparing panel ii-b) to panel ii-a). The significant negative first order serial correlation

seen in panels iii-a) and iii-b) is due to microstructure noise, and is not affected by removing

the diurnal shape.

2.6.3 Spot measures

Figure 2.9 presents the returns (after robust adjustment for periodicity) and the estimated

path of the stochastic component in the spot volatility based on the pre-averaged estimator

(2.17) at ∆ = 1min. Estimates of σ2
t are based on averaging over a set of local windows with

hn = nβ with β ∈ [0.52; 0.54, . . . , 1]. In panel i) of Figure 2.9, several return clusters (e.g.,

in August or November) can be recognized. These clusters correspond to the increased

level of volatility σ̂d+ti ; see panel ii). Overall, the level of spot volatility increases and is

possibly a sign of the start of the financial crisis in 2007. Estimated spot volatility reaches

its maximum at the beginning of November 2007. The microstructure noise variance

estimator of (2.11) is based on returns over one day. Panel iii) of Figure 2.9 displays 24-

hour rolling window estimates of $̂d+ti . It is found that the microstructure noise standard
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Figure 2.8: Properties of returns
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Note: Autocorrelation functions of EUR/USD returns. Panels i) shows ACF of absolute returns displayed for 5 days; ii)

ACF of absolute returns as in panel i) now showing only values at daily lags; iii) ACF of raw returns for 4 lags. Panels a)

raw returns; b) returns adjusted for variance diurnal shape using OWM-t.

deviation is relatively high at the beginning of the sample, while lower towards the end of

the sample. As a result, the estimated noise-to-signal ratio in (2.18) also varies considerably

over time. Its value (not displayed) starts from around 80% at the beginning of the sample

period, decreasing to 40-50% at the end of the sample.

Figure 2.9: Spot measures
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Note: Panel i) shows EUR/USD periodically adjusted returns at ∆ = 1min frequency; ii) estimated stochastic component

σ̂d+ti (times
√

∆) of the spot volatility path; iii) estimated time-varying volatility of microstructure noise $̂d+ti .
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2.6.4 Aggregate evidence of jumps

We first report daily estimates P̂BPVd(2, 0) and P̂BPVd(1, 1) for d = 1, . . . , 131. The

relative jump variation estimate R̂JVd indicates the presence of a jump component in the

price process. Given the sampling frequency ∆ = 1min, the average of R̂JVd series equals

13% (16% and 22% at ∆ = 5min and ∆ = 15min, respectively). Mean estimates of RJV

increase with an increasing ∆, but the accuracies of IV and QV estimates decrease. Using

realized measures that are not robust to microstructure noise, Huang and Tauchen (2005)

find that jumps contribute in around 7% in the S&P index at ∆ = 5min. Barndorff-

Nielsen and Shephard (2006) find that jumps contribute between 5% and 22% to total

price variation dependently on the exchange rate at frequencies ranging from ∆ = 5min

to ∆ = 1h.

Figure 2.10: Relative jump contribution and number of identified jumps
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Note: Relative jump variation (2.13) in panel i) and the number of significant jumps in panel ii). Significant jumps based

on the LMJ test (2.26) with L̃(ti) in (2.29) at the α = 1% significance level.

Figure 2.10 presents the sequence of RJV estimates and the number of significant jumps

over the sample period at ∆ = 1min. There are numerous days when R̂JVd exceeds 25-30%

as well as when it is roughly zero. Using the extended LMJ statistic we find more jumps at

the higher frequency.5 At ∆ = 1min, in total 419 jumps are detected at α = 1%, so that 3

jumps occur on average per trading day. When ∆ = 5min 132 jumps are detected, which

means that 1 jump occurs on average per day. Finally, at ∆ = 15min sampling frequency

only 45 jumps are detected, which results in 1 jump on average every 3 days. We find a

maximum of 2 jumps (July 18, September 5, October 5 and December 27) at ∆ = 15min,

while we find a maximum of 14 jumps (November 1) at ∆ = 1min. The significant jumps

at ∆ = 1min have an average absolute size of 8.4 basis points (bps), while at ∆ = 5min

5Note that the LMJ statistic was compared to the critical value resulting from the Gaussian assump-

tion. A separate simulation exercise mimicking the amount of rounding occurring at the present data set

indicated that this critical value is slightly conservative.
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(∆ = 15min) the average size is of 15.6bps (24.4bps).

Figure 2.11: Characteristics of identified jumps
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Note: Autocorrelation function of jump indicators in panel i) for 5 days; timing aggregated to 1 hour in panel ii); histogram

of timing of significant jumps in panel iii), at ∆ = 1min. Panels a) for original LMJ test based on L(ti) in (2.28); b) for the

extended LMJ test based on L̃(ti) in (2.29).

Figure 2.11 presents the dependence structure, timing and histogram of the detected

jumps. We compare the LMJ test statistic based on (2.28) and on the extended statistic

(2.29). Since the original LMJ test does not account for diurnal patterns, the autocorre-

lation structure indicates the periodical dependence of the detected jumps; see the auto-

correlation clusters at daily time intervals in panel i-a) of Figure 2.11. The LMJ statistic

detects more (less) jumps when deterministic volatility is higher (lower); see panel ii-a).

It causes spurious time dependence of jumps. Jumps detected with the extended statistic

are not periodically dependent and are more equally distributed over intraday time as seen

in i-b) and ii-b), respectively, of Figure 2.11. Over this sample period, there were more

positive jumps than negative as observed in panel iii-b) of Figure 2.11. Given that the US

dollar was depreciating in those months, this result is not surprising. The extended test

statistic detects more smaller-sized jumps than the original test; compare the histogram in

panel iii-b) to iii-a). The original test detects more jumps but in the Monte Carlo study it

is shown that the presence of diurnal patterns leads to an overrejection of the null hypoth-

esis of no jumps. Too many jumps are spuriously detected due to the periodic increase of

return volatility that is not captured when we estimate the two spot variance components

jointly.

2.6.5 Jumps at specific days

The LMJ jump test statistic yields the timing, size and direction of the detected jumps. We

study in some detail the outcome of applying the extended test for two specific days. On

the one hand, we select Wednesday, September 5, when R̂JV2007/09/05 reaches its maximum
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of 44.4% at ∆ = 1min, see Figure 2.10. On the other hand, we choose Thursday, November

1, when a maximum number of 14 jumps is found at ∆ = 1min, while R̂JV2007/11/01 equals

14.8% at this frequency. Figures 2.12a and 2.12b zoom in on both days.

Figure 2.12a: Case study for September 5, 2007.
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Note: Panels i) present the EUR/USD exchange rate in level; ii) EUR/USD returns and significant jumps based on the

extended LMJ test with L̃(ti) in (2.29) (at α = 1% marked with circles; at α = 5% marked with diamonds).

Selected days in this case study correspond to scheduled macroeconomic announcements

relevant for the EUR/USD exchange rate, these are listed in Table 2.5. On September 5

there are 4 jumps detected at ∆ = 1min frequency at 00:44, 07:38, 15:18 and 17:12. At

the 5% significance level, three additional jumps are found at 00:43, 15:19 and 17:10; see

panel ii) of Figure 2.12a. These time intervals correspond to high intraday volatility time

periods, when markets open or overlap. The morning European news items were positive

for the EUR/USD rate on that day. It is seen from Figure 2.12a that the EUR/USD rate

started to appreciate dramatically in the afternoon when the US readings, presented in

Table 2.5, were much worse than expected. The sizes (in absolute terms) of the detected

jumps were from 7 to 10bps (or from 6bps at α = 5%), which corresponds to around

0.07-0.1% change of the fundamental within a 1min interval. When lowering the sampling

frequency to ∆ = 15min only 2 jumps are found to be significant, at 15:18 (-15bps) and at

17:12 (42bps) contributing around 51.6% to the total price variation as measured by the

estimate of RJV.

On November 1 there are 14 (17) jumps found at ∆ = 1min frequency at the 1% (5%)

significance level. Interestingly, 12 of these jumps cluster in the time period between 03:28-

04:06 when only Asian markets operate as seen in panel ii) of Figure 2.12b. These jumps
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Figure 2.12b: Case study for November 1, 2007.
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Note: See Figure 2.12a.

have an absolute size of around 10bps. We have no detailed information what happened

in this time interval, but on this particular Thursday many US news announcements were

to be released, see Table 2.5, which possibly caused some additional arrival of orders. At

∆ = 1min, R̂JV2007/11/01 equals 14.8%, which indicates the presence of a jump component.

When lowering the sampling frequency to ∆ = 15min, we find no significant jumps even at

the α = 5% significance level, although the estimate of RJV equals 17.7% at this frequency

and the largest absolute price increment is of 18bps. It indicates that even when estimates

of QV and IV differ considerably (and hence indicate the occurrence of jumps) it may not

be possible to point out which price increments are caused by jumps when the sampling

frequency is low.

2.7 Summary and Conclusions

In this chapter we introduce a new approach to the estimation of spot variance from

high-frequency data. We decompose spot variance into stochastic and deterministic com-

ponents. Estimation of the stochastic variance component is based on adopting a pre-

averaged bipower variation measure. The pre-averaging approach allows us to estimate

the stochastic component in the jump-diffusion framework with microstructure noise. As

a result, we can apply the estimator without the need for mitigating noise effects through

sparse sampling. Estimation of the deterministic variance component is based on the newly
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Table 2.5: News releases.

September 5, 2007

Time Area Event Actual Consensus Previous +/-

08:55 DE PMI Services (Aug) 59.8 58.1 58.5 +

09:00 EMU PMI Services (Aug) 58.0 57.9 58.3

10:00 EMU Retail Sales (MoM) (Jul) 0.4% 0.3% 0.6% +

10:00 EMU Retail Sales (YoY) (Jul) 1.3% 1.1% 1.0% +

13:15 US ADP Employment Change (Aug) 27k 80k 48k +

15:00 US Pending Home Sales (MoM) (Jul) -12.2% -2.0% 5.0% +

19:00 US Fed’s Beige Book

November 1, 2007

Time Area Event Actual Consensus Previous +/-

13:30 US Core PCE - Prices Index (MoM) (Sep) 0.2% 0.2% 0.1%

13:30 US Core PCE - Prices Index (YoY) (Sep) 1.9% 1.8% 1.8% -

13:30 US Initial Jobless Claims (Oct 27) 330k 330k 331k

13:30 US Personal Income (MoM) (Sep) 0.4% 0.4% 0.4%

13:30 US Personal Spending (Sep) 0.3 0.4 0.6

15:00 US ISM Manufacturing (Oct) 50.9 51.4 52.0 +

15:00 US ISM Prices Paid (Oct) 63 64 59

Note: Important news releases on September 5, and November 1, 2007. The + (-) denotes a positive (negative) reading

for the EUR/USD exchange rate. DE - Germany, EMU - European Monetary Union, PMI - Purchasing Manager Index,

PCE - Personal Consumption Expenditure.

Source: http://www.fxstreet.com/.

developed semi-parametric approach. We smooth the cross-sectional variances using a ro-

bust weighting scheme. In a finite sample Monte Carlo study we show that the underlying

spot variance path can be estimated accurately as long as the price observations are sam-

pled at a sufficiently high-frequency, indeed even in practical situations where microstruc-

ture noise, rounding effects and jumps are present or when leverage effects confound the

variance process.

Particular attention is given to the testing for jumps since our framework with mi-

crostructure noise offers an extension to the jump test statistic introduced by Lee and

Mykland (2008) and modified later by Boudt et al. (2011). The Monte Carlo study has

shown that the distribution of our extended test statistic is not distorted by periodic pat-

terns, leverage effects or microstructure noise. Also, our extended jump test improves on

the detection of smaller-sized jumps, which, however, also depends on the magnitude of

microstructure noise contamination. With large noise, the smallest jumps cannot be dis-

tinguished from microstructure frictions, which is a theoretical result and not due to a

failure of the testing method. The power of our extended test decreases when the sampling

is less frequent but we should emphasize that our framework alleviates the need for sparse

sampling. The asymptotic density of our extended test statistic relies on the assumption

that the microstructure noise is Gaussian. Since at the highest sampling frequency the

prices live on a discrete grid, this assumption is obviously too restrictive. However, at a

moderate sampling frequency and in particular for our dataset with a grid-size of 0.0001 we

found that such discreteness has little or no impact on the distribution of the test statistic.
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The empirical illustration focuses on spot volatility and jumps in the EUR/USD ex-

change rate series for a period of 2007 when the financial crisis became apparent. In this

period the spot volatility has increased slowly while the microstructure noise has become

less important in the later months. We provide clear evidence of discontinuities in the

exchange rate series. More jumps are detected during days with important macro news

announcements and from a dataset that is sampled at a higher frequency. When the peri-

odic volatility factor is extracted and removed, we do not find periodic time dependence in

the realized jump series and the number of jumps is also reduced. We therefore conclude

that our modifications for estimating spot volatility and jump testing are effective and can

be successfully applied in studies of financial markets based on intraday high-frequency

data.





Chapter 3

Quantile-based realized measure of

variation: A new test for outlying

observations in financial data

Abstract: In this chapter we consider the moment- and quantile-based estimators of

power variation as measured by σr, with σ being the scale parameter and r a positive

integer. We derive the joint asymptotic distribution under the normal distribution. With

the limiting distribution, we introduce a new class of test statistics designed to detect ab-

normal observations. The power of the tests generally increases with r, as higher moments

accentuate outlying observations. In addition, we can statistically judge the impact of

outlying observations on the rth power variation of interest. We apply the tests to detect

jumps in financial data as implied by the Merton (1980) model. Simulation results show

that the finite sample properties of the test depend on the order r and the quantiles ap-

plied. Our novel test for jumps is found to be more powerful than widely used alternatives

for sufficiently large sample sizes. An empirical illustration for high-frequency equity data

suggests that jumps can be more prevalent than inferred from the second or third moment

of the data.

3.1 Introduction

It is widely acknowledged that financial returns are non-normal as their distribution typi-

cally exhibits some degree of asymmetry and excess kurtosis. The non-Gaussian features

of the return distribution can be explained by stochastic volatility and/or the presence of

jumps, which are defined as abnormal price increments; see Das and Sundaram (1999).

There is considerable empirical evidence that volatility of assets is time-varying but also
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that jumps are present in the underlying price process, see e.g. Carr and Wu (2003),

Barndorff-Nielsen and Shephard (2006), Andersen, Bollerslev, and Dobrev (2007), Lee and

Mykland (2008), Jiang and Oomen (2008), Aı̈t-Sahalia and Jacod (2009) and Bos, Janus,

and Koopman (2009). For any particular series, there are however still two important

issues: First one has to decide whether abnormal returns are indeed present in this series,

and secondly the impact, if any, of these jumps on the variation of the price process must

be assessed.

Most of the existing tests designed to detect jumps decompose quadratic variation of

the price process into a continuous part, the so-called integrated variance, and a part due

to jumps. Such tests identify, through the second moment, the presence of jumps. They

however do not quantify the impact of jumps on other measurements beyond integrated

variance. The primary goal of this chapter is to provide a statistical method making use

of arbitrary powers of return data, leading to formal inference on the impact of potential

abnormal observations also on other moments of the data. For instance, even though some

jumps might not be detectable by tests built on squared returns, their possible presence

might still affect higher moments.

The primary motivation for our study is the increasing use of higher moments of the

data for a broad scope of financial applications; for a comprehensive review we refer to Jon-

deau, Poon, and Rockinger (2007). When going beyond variance as a measure of risk, the

standard measures of skewness and kurtosis are mostly applied. Likewise, the integrated

quarticity, a variance of integrated variance, can be applied as additional measure of risk

and hence it is of considerable interest in financial applications, see Corsi, Mittnik, Pig-

orsch, and Pigorsch (2008). Since it is widely agreed that unconditional non-Gaussianity

of financial returns is either due to time varying volatility and/or jumps, the standard

moment-based measures quantify a total risk. However, it is of natural interest in financial

economics to distinguish between the volatility and jump risk, as their implications differ

from portfolio and risk management to option or bond pricing and hedging, see e.g. Bakshi,

Cao, and Chen (2000) and Johannes (2004). To separate the jump risk, we consider two

estimators of the power variation jointly, where one estimator is robust to jumps and the

other is not.

If the underlying return data is conditionally normally distributed (or following any

other distribution known up to location and scale), the qth sample quantile equals the

mean plus the standard deviation times the inverse of the standard normal cumulative

distribution function at probability q. It is possible to invert this relationship and solve

for the standard deviation, but also for mean. Such quantile-based measures for volatility

for normal data date back to Pearson (1920). The appealing feature of the quantile-based

approach is the robustness to extreme observations, provided that the selected quantiles

are sufficiently far away from the extreme tails. Christensen, Oomen, and Podolskij (2010)

make use of this feature and propose to use sample quantiles to obtain a robust-to-jumps
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measure of integrated variance. Relative to the moment-based measure of standard devi-

ation, efficiency of the quantile-based measure depends on the choice of sample quantiles

employed. Mosteller (1946) was first to suggest combining more quantiles to improve effi-

ciency of the quantile-based measure of standard deviation, such that it can approach the

efficiency bound of the maximum likelihood estimator, while still being robust to extreme

observations. Having the moment- and quantile-based measures of standard deviation, it

is natural to investigate their joint distribution. The answer is given recently by DasGupta

and Haff (2006) who provided the joint asymptotic distribution of the inter-quartile range

and standard deviation, and proposed a diagnostic for testing whether the underlying data

is normal. Their approach however is primarily based on standard deviation (the first order

power variation) and inter-quantile range, while in this chapter we exploit higher orders of

power variation as measured by moment- and quantile-based measures. This will prove to

provide additional power for detecting abnormal observations.

Our methodological contribution can be summarized as follows. We introduce the

quantile-based measure of the rth order power variation of univariate data as measured by

σr, with σ being the scale parameter and r being a positive integer, under the assumption of

normality. We provide optimal quantiles for the estimator under the minimum asymptotic

variance criterium, and we provide weights to optimally combine multiple quantile-based

sub-estimators with the aim to improve efficiency further. For our purpose, we consider

the moment-based estimator of σr and, as a central contribution of this chapter, we derive

the joint limiting distribution of the two estimators assuming normality of the underlying

return distribution. Contrary to the quantile-based estimator, the moment-based estimator

is extremely sensitive to outliers. This proves useful in construction of a Hausman (1978)

type test designed to detect outlying observations. The null hypothesis is that abnormal

observations are not present in the data.

We use the quantile-based measure of variation for testing the occurrence of jumps, us-

ing an arbitrary order r of returns to accentuate possible outlying observations, measuring

their effect on the power variation of interest. This contrasts our setup with the one of

Christensen et al. (2010), who use a similar quantile-based variation measure over short

time intervals, to combine these into a daily integrated variation measure.

In principle, our testing procedure can be applied to any constant variance dataset,

where it is conjectured that the presence of a finite fraction of outliers leads to non-

normality. In this chapter, we apply the test to detect jumps in financial return data and

we compare its performance to widely applied alternatives: the test of Barndorff-Nielsen

and Shephard (2006) and of Jiang and Oomen (2008). Our test is less general, as it requires

a constant variance assumption. This test can therefore be considered when financial data

is sampled over a suitably short time horizon (cf. Christensen et al., 2010) or on a suitably

adapted time scale. In our application based on high-frequency data, we use a sampling

scheme that for each trading day forms a series of intraday returns of equal variance. Our



48 Chapter 3. Moment- and Quantile-based Measurements of Variation

simulation results show that our test has good finite sample properties and that it can be

more powerful than the alternatives, depending on the sample size and the order r. An

extensive empirical illustration for fifteen NYSE equities suggests that jumps can occur

more frequent than would be inferred from only the second moment of the data.

The structure of the chapter is as follows. In Section 3.2, we review the theory of

sample quantiles, we set out our notation and we provide the quantile-based estimator

of power variation. In Section 3.3, we provide the joint asymptotic distribution of the

quantile- and moment-based measures of σr under normality. We propose also a new class

of test statistics designed to detect abnormal observations. In Section 3.4, we study the

behavior of the quantile-based estimator and resulting test statistics in a simulation study.

In Section 3.5, we apply our theory to equity data, while Section 3.6 concludes. The proofs

of the main results in this chapter are given in Appendix 3.A.1.

3.2 The Quantile-based Measurement of Variation

In this section, we briefly review the theory of sample quantiles. We next introduce the

quantile-based estimator of σr for positive integer-valued r. Derivation of the estimator

with its asymptotic distribution is carried out under the assumption of the normal distri-

bution.

3.2.1 Moment-based measurement of variation

First, we introduce the standard moment-based estimator of σr for the normal data. Let

the observations Y = {Yi}Ni=1 be independently and identically normally distributed with

mean µ and standard deviation σ. We use the central absolute moments of the data and

define the moment-based estimator of rth order power variation as

MPV r
N =

1

b(r)

1

N

N∑
i=1

|Yi − µN |r with µN =
1

N

N∑
i=1

Yi, (3.1)

where

b(r) =
2r/2Γ ((r + 1)/2)√

π
(3.2)

is the normalizing term. As N → 0, it follows that

N1/2
(
MPV r

N − σr
) d→ N

(
0, σ2rM(r)

b2(r)

)
,

where

M(r) = M2r
z − (M r

z )2 with Mn
z =

∫ ∞
−∞
|z|nφ(z)dz, (3.3)
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where z denotes an iid standard normal variable and n ∈ N.

Note that we specifically consider an explicit moment-based estimator of σr for any

positive integer-valued r, as higher orders of r accentuate outliers and hence inflate their

impact on a direct estimate of σr. Alternatively, one could have considered the maximum

likelihood (ML) estimator,

σ̂2
ML =

1

N

N∑
i=1

(Yi − µN)2, with σ̂rML = (σ̂2
ML)r/2. (3.4)

As N → ∞ we have that N1/2(σ̂rML − σr)
d→ N (0, r

2

2
σ2r). Note that σ̂2

ML ≡ MPV 2
N ,

implying that the second order moment-based estimator attains the efficiency bound of

the ML estimator.

Figure 3.1: Efficiency of MPV relative to ML
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Figure 3.1 presents the efficiency of MPV r
N relative to that of the corresponding ML

estimator. While efficiency is still high for a small order of r, it declines dramatically once

r > 6. As the MPV r
N estimator is increasingly sensitive to outliers with increasing order

of r, it still may prove valuable (and more so than the ML estimator) in constructing a

test statistic aimed at detecting potential outlying observations.

3.2.2 Quantiles and order statistics

Let X = {Xi}Ni=1 denote an independently and identically distributed (iid) sequence of

random variables from a univariate continuous distribution with cumulative distribution

function (cdf) F and probability density function (pdf) f . Denote the qth quantile by

Q(q) = F−1(q) for 0 ≤ q ≤ 1, implying that q =
∫ Q(q)

−∞ f(x)dx. For instance, for q = 0.5 we

obtain the so-called median measure of the variable of interest.
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The simplest approach of computing the quantile Q(q) empirically is by using the order

statistics directly,

Qo
N(q) = X([qN ]) (3.5)

where [α] is the operator which rounds α to the nearest integer, and X(k) indicates the

kth order statistic of X, such that X(1) ≤ . . . ≤ X(k−1) ≤ X(k) ≤ X(k+1) ≤ . . . ≤ X(N). If

q < 1
2N

, then the order statistic X(0) would be needed; we define the 0th order statistic to

be equal to X(1) for completing the above definition. Likewise, if (below) an order statistic

with k > N is requested, then this will be replaced by X(N).

Apart from this most basic definition of an empirical quantile, Hyndman and Fan (1996)

defines a range of 9 different methods for calculating quantiles. For improved accuracy in

cases of small samples, it is important to interpolate between order statistics, instead of

rounding to the nearest one. Hence, in the remainder of this chapter we estimate the

quantile as a weighted average between two adjacent order statistics,

QN(q) = wX(l) + (1− w)X(l+1), (3.6)

where the lower order statistic is chosen using l = b(N + 1)qc with bαc denoting the

rounding down of α, and the weight is w = l + 1 − (N + 1)q. With this setup (which

corresponds to method 6 of Hyndman and Fan (1996)), the kth order statistic corresponds

to quantile k/(N + 1), effectively spreading out the order statistics uniformly over the

quantiles 1/(N + 1), . . . , N/(N + 1).

It is well known that the empirical quantile (irrespective of the choice of definition (3.5)

or (3.6)) is asymptotically normally distributed with

N1/2
(
QN(q)−Q(q)

) d→ N
(

0,
q(1− q)

[f(Q(q))]2

)
, as N →∞, (3.7)

provided f(Q(q)) = f(F−1(q)) > 0. Here
d→ denotes convergence in distribution. Actually,

rather than considering distribution of the single sample quantile, we might be interested

in the joint asymptotic distribution of a finite set of sample quantiles, which is given in

Theorem 3.2.1.

Theorem 3.2.1. Define a p-dimensional vector q = {q1, . . . , qp} with 0 < q1 < . . . < qp <

1 determining sample quantiles QN(q) = [QN(q1), . . . , QN(qp)]
′ and corresponding theoret-

ical quantiles Q(q) = [Q(q1), . . . , Q(qp)]
′. The joint asymptotic distribution of multiple

quantiles is given by the p-variate normal distribution,

N1/2
(
QN(q)−Q(q)

) d→ N
(
0, Σ(q)

)
, (3.8)



3.2. The Quantile-based Measurement of Variation 51

where the ijth element of the p× p covariance matrix Σ(q) of quantiles is given by

Σij(qi, qj) =
(
Σ(q)

)
ij

=
(
Σ(q)

)
ji

=
qi(1− qj)

f(Q(qi))f(Q(qj))
, for i ≤ j; i, j = 1, . . . , p.

(3.9)

Proof. See Walker (1968).

For simplicity in notation (like below), the explicit dependence of Σ(q) on the pdf and

inverse cdf is omitted.

Finally, in the next section we are interested in a function of sample quantiles and its

associated limiting distribution. The following corollary will be used:

Corollary 3.2.2. Let ϕ denote a function of real variables z that is fully differentiable.

Let ϕ̇ denote the first order derivative that is calculated at z = Q(q) and that is non-

zero valued. By applying the delta-method to the joint asymptotic distribution of multiple

quantiles QN(q) from Theorem 3.2.1, it follows that

N1/2

(
ϕ
(
QN(q)

)
− ϕ

(
Q(q)

)) d→ N
(
0, ϕ̇(q)′Σ(q) ϕ̇(q)

)
. (3.10)

The result of Corollary 3.2.2 has been used in many situations. For instance, Moors, Wage-

makers, Coenen, Heuts, and Janssens (1996) apply it to derive the limiting distributions

of quantile-based measures of skewness and kurtosis.

3.2.3 Quantile-based measurement of variation and its properties

Apart from the moment-based measures of data variation, many others have been devel-

oped. For an excellent history with a particular focus on early developments, see David

(1998). For example, the inter-quantile range, i.e. the range between the quantiles of order

q and 1 − q, is one of the oldest measures of dispersion of data. The inter-quantile range

of any (fully specified, up to location and scale) symmetric distribution is a known mul-

tiple of the standard deviation. In the following, we will discuss results for the Gaussian

distribution, as this is the distribution that will be of use in the empirical application in

Section 3.5.

Assumption 1. The observations Y = {Yi}Ni=1 are independently and identically normally

distributed with mean µ and standard deviation σ.

For such observations, there is a well-known relationship between the sample quantile and

standard deviation given by

Q(q) = µ+ σΦ−1(q), (3.11)
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where Φ−1 denotes the inverse cdf of the standard normal variable. If we consider another

quantile, (1−q)th say due to symmetry, we can solve for the standard deviation even when

the location µ is unknown, as in

σ =
1

c(q)

[
Q(q)−Q(1− q)

]
, (3.12)

with c(q) = Φ−1(q)−Φ−1(1− q) = 2Φ−1(q) the scaling term corresponding to the standard

normal distribution. Using empirical quantiles, this delivers us our quantile-based first

order power variation,

QPV 1
N =

1

c(q)

[
QN(q)−QN(1− q)

]
. (3.13)

Such a quantile-based estimator of first order power variation for σ was first proposed by

Pearson (1920). He proposed to use q = 1−1/14 ≈ 0.9286, as a value of the quantile which

would result in a relatively efficient estimator of σ. Benson (1949) examined the variance

of (3.12) for different values of q and found that efficiency is greatest for q = 0.9308.

Mosteller (1946) showed the asymptotic normality of the estimator (3.12) and he also

suggested to combine multiple quantiles to improve the efficiency further. Ogawa (1951)

further improved the quantile-based measure of σ by deriving a linear combination of a

specified number of sub-estimators, based on symmetric quantiles as in (3.12), which are

optimally weighted for maximum efficiency. All these authors stress the robustness to more

extreme observations of the quantile-based approach which makes it appealing relative to

the moment-based approach. Also, in practical situations, it might be often the case that

normality is a good approximation to a central region of empirical density, say except for

1% or 3% of observations in each tail. In such case, the robustness property inherent to

the quantile-based approach may prove extremely useful.

For our purpose, we more generally consider estimation of any positive integer-valued

power of σ, i.e. σr for r ∈ {1, 2, . . .}, using the sample quantiles of the data. Along with

the moment-based estimator of σr, the quantile-based estimator will be used in Section 3.3

to construct a new class of test statistics for detecting outlying (or abnormal) observations.

For that purpose, we introduce an estimator that is built on the rth power of the estimator

in (3.12). In principle, we could consider estimation of σr for any r > 0, though this would

not change the main results; hence we simplify and restrict ourselves to integer values of

r.

Consider the general quantile-based estimator of rth order power variation,

QPV r
N(q) =

1

cr(q)

r∑
j=0

(−1)j
(
r

j

)[
QN(q)

]r−j[
QN(1− q)

]j
, (3.14)

for r ∈ N1 = {1, 2, . . .} and q ∈ (1/2, 1), where
(
r
j

)
denotes the binomial coefficient. Since

the quantile-based estimator (3.14) is constructed through a differentiable function of two
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quantiles, the limiting distribution can be derived using the general results of Section 3.2.2.

We obtain

N1/2
(
QPV r

N(q)− σr
) d→ N

(
0, 2(1− q)(2q − 1) d2(q, r)σ2r

)
, (3.15)

where

d(q, r) =

[
Φ−1(q)

]r−1∑r
j=0 j

(
r
j

)
cr(q)φ(Φ−1(q))

=

∑r
j=0 j

(
r
j

)
2rΦ−1(q)φ(Φ−1(q))

.

It follows that the asymptotic variance of the QPV r
N(q) for any r in (3.15) is minimized for

q = 0.9308. For instance, when r = 2 we obtain the asymptotic variance of QPV 2
N(0.9308)

equal to around 3.07σ4. The variance of the likelihood-based estimator of the sample

variance equals 2σ4, thus QPV 2
N(0.9308) has relative efficiency of around 0.65. With the

optimal, minimum variance choice of q, the estimator retains robustness to almost 7% of

outliers in each tail (at least asymptotically, as will be seen in Section 3.2.5).

3.2.4 Improving efficiency by combining sub-estimators

As already suggested by Mosteller (1946), the efficiency of the quantile-based estimator

can be improved by using more pairs of quantiles. We select a p-vector of quantiles q =

[q1, . . . , qp]
′ with 1 > q1 > . . . > qp > 1/2. For each symmetric pair of quantiles, i.e. qi and

1− qi, we can compute the QPV r
N(qi) as in (3.14) that can be combined into the estimator

using an averaging scheme. The quantile-based measurement of power variation based on

multiple pairs is given by

QPV r
N(q,λ, p) =

p∑
i=1

λiQPV
r
N(qi), (3.16)

where λi ∈ (0, 1) is a weight assigned to the ith sub-estimator, such that
∑p

i=1 λi = 1.

The use of multiple quantiles leads to improvement of the efficiency of the estimator. The

choice of p-vector of weights λ = [λ1, . . . , λp]
′ and the corresponding vector of quantiles

q = [q1, . . . , qp]
′ can be optimized such that a minimum variance estimator QPV r

N(q̂, λ̂, p)

is obtained. The quantile-based estimator using multiple pairs is constructed by using

a function of multiple quantiles, thus similarly the limiting distribution is obtained by a

direct application of the results from Section 3.2.2.

Proposition 1. Suppose Assumption 1 is satisfied. Consider a p-vector of quantiles q =

[q1, . . . , qp]
′ with 1 > q1 > . . . > qp > 1/2. Combine each quantile qi with its symmetric

pair 1− qi, and collect these into the 2p-vector ~q(q) = [~q1, . . . , ~q2p]
′ = [1− q1, 1− q2, . . . , 1−

qp, qp, . . . , q2, q1]′ with all quantiles in ascending order. It follows that

N1/2
(
QPV r

N(q,λ, p)− σr
) d→ N

(
0, σ2rλ′ g′Ggλ

)
,
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where G is the 2p×2p asymptotic variance-covariance matrix of sample quantiles with ijth

element given by

Gij =
(
G(~q)

)
ij

=
~qi(1− ~qj)

φ(Φ−1(~qi))φ(Φ−1(~qj))
, for i ≤ j; i, j = 1, . . . , 2p, (3.17)

and where the 2p× p matrix g collects the partial derivatives and is given by

g = g(~q, r) = [ g̃, g̃ J ]′, (3.18)

with g̃ the p× p diagonal matrix with iith element

g̃ii =
(
g̃(~q, r)

)
ii

=
1

cr(~qi)

[
−

r∑
j=0

j

(
r

j

)[
Φ−1(~qi)

]r−1
]

=
1

2rΦ−1(~qi)

[
−

r∑
j=0

j

(
r

j

)]
,

and the p× p J matrix with

(J)ij =

{
−1 if j = p− i+ 1;

0 if j 6= p− i+ 1,
for i, j = 1, . . . , p.

Proof. See Appendix 3.A.1.

Table 3.1 reports optimal values of weights λ and quantiles q for the number of pairs

up to p = 15. For instance, for p = 2 the optimal estimator combines two sub-estimators

(3.14) constructed on symmetric pairs of quantiles (0.9770; 0.023) and (0.8729; 0.1271),

combined as in (3.16) with weights 0.4605 and 0.5395 respectively. We note that the

optimal values of λ and q for r = 1 and p = 3 were first obtained by Ogawa (1951), and

later extended by Eisenberger and Posner (1965) to include up to p = 10 pairs. The choice

of the power r does not influence the optimal (in the minimum variance sense) values of q

and λ. It is seen from Table 3.1 that for the minimum variance estimator, the robustness

property deteriorates as the optimal value of q1 increases to unity when the number of

pairs p increases. This is intuitive, as there is more information about the scale in the tails

than in the central part of the distribution. Hence, a gain in efficiency in this case leads to

the drawback of a lower degree of robustness. Therefore we investigate the effect of small

deviations from the optimal values of q on the efficiency of the estimators.

Panel i) of Figure 3.2 presents the efficiency of QPV 2
N(q,λ, p) relative to the maximum

likelihood-based estimator of σ2 for a number of pairs up to p = 15. It is seen that for one

pair the efficiency of the QPV 2
N estimator is around 65% of that of the ML estimator. As

we combine more sub-estimators, the value of the minimized variance approaches the lower

bound of the likelihood-based estimator rapidly and consequently the efficiency approaches

unity. Panel ii) plots the variance of QPV 2
N(q,λ, p) as a function of q1, with q2, . . . , qp fixed

at their optimal values, for p ∈ {2, 3, 4, 5}. It is seen that for q1 declining, the variance
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Table 3.1: Optimal values of q and λ for the mimium variance estimator of σr

p=1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

q1 0.9308 0.9770 0.9896 0.9945 0.9967 0.9979 0.9986 0.9990 0.9992 0.9994 0.9996 0.9997 0.9997 0.9998 0.9998
q2 - 0.8729 0.9452 0.9713 0.9831 0.9892 0.9927 0.9948 0.9962 0.9971 0.9978 0.9982 0.9986 0.9988 0.9990
q3 - - 0.8304 0.9149 0.9508 0.9689 0.9791 0.9852 0.9892 0.9919 0.9937 0.9950 0.9960 0.9968 0.9973
q4 - - - 0.7983 0.8880 0.9305 0.9537 0.9676 0.9764 0.9823 0.9863 0.9892 0.9914 0.9930 0.9942
q5 - - - - 0.7731 0.8646 0.9114 0.9385 0.9555 0.9667 0.9744 0.9799 0.9840 0.9870 0.9893
q6 - - - - - 0.7528 0.8442 0.8937 0.9238 0.9434 0.9567 0.9662 0.9730 0.9781 0.9820
q7 - - - - - - 0.7360 0.8263 0.8776 0.9099 0.9315 0.9467 0.9576 0.9657 0.9719
q8 - - - - - - - 0.7218 0.8106 0.8628 0.8967 0.9201 0.9367 0.9490 0.9583
q9 - - - - - - - - 0.7097 0.7967 0.8493 0.8844 0.9091 0.9270 0.9405
q10 - - - - - - - - - 0.6992 0.7842 0.8370 0.8729 0.8986 0.9176
q11 - - - - - - - - - - 0.6900 0.7730 0.8256 0.8621 0.8886
q12 - - - - - - - - - - - 0.6818 0.7629 0.8152 0.8520
q13 - - - - - - - - - - - - 0.6745 0.7537 0.8055
q14 - - - - - - - - - - - - - 0.6679 0.7452
q15 - - - - - - - - - - - - - - 0.6619

λ1 1.0000 0.4605 0.2541 0.1566 0.1040 0.0730 0.0533 0.0403 0.0312 0.0248 0.0200 0.0164 0.0136 0.0115 0.0097
λ2 - 0.5395 0.3979 0.2771 0.1973 0.1448 0.1093 0.0846 0.0669 0.0539 0.0440 0.0365 0.0306 0.0260 0.0222
λ3 - - 0.3480 0.3203 0.2559 0.2004 0.1578 0.1258 0.1016 0.0832 0.0690 0.0579 0.0490 0.0419 0.0361
λ4 - - - 0.2460 0.2584 0.2264 0.1897 0.1574 0.1308 0.1094 0.0922 0.0784 0.0671 0.0579 0.0503
λ5 - - - - 0.1843 0.2116 0.1980 0.1746 0.1510 0.1298 0.1116 0.0963 0.0835 0.0728 0.0638
λ6 - - - - - 0.1439 0.1761 0.1732 0.1590 0.1420 0.1255 0.1105 0.0973 0.0858 0.0759
λ7 - - - - - - 0.1158 0.1487 0.1521 0.1442 0.1323 0.1196 0.1074 0.0962 0.0862
λ8 - - - - - - - 0.0954 0.1272 0.1343 0.1307 0.1227 0.1131 0.1032 0.0939
λ9 - - - - - - - - 0.0801 0.1101 0.1193 0.1187 0.1135 0.1064 0.0986
λ10 - - - - - - - - - 0.0683 0.0963 0.1066 0.1081 0.1051 0.0999
λ11 - - - - - - - - - - 0.0590 0.0850 0.0958 0.0987 0.0973
λ12 - - - - - - - - - - - 0.0516 0.0755 0.0865 0.0904
λ13 - - - - - - - - - - - - 0.0455 0.0676 0.0785
λ14 - - - - - - - - - - - - - 0.0405 0.0609
λ15 - - - - - - - - - - - - - - 0.0362

curve is relatively flat near the maximum efficiency point. This is very attractive from a

practical viewpoint, as it means that lowering q1 by e.g. 2%-5% leads to only a moderate

loss of the efficiency, while augmenting the robustness. This property also extends to lower

quantiles. In panel iii) we present the efficiency surface of the estimator combining p = 3

sub-estimators as a function of q1 and q2, with q3 fixed at its optimal value. Similarly,

the efficiency surface is reasonably flat near the maximum value as q1 and/or q2 decrease.

Panels ii) and iii) therefore nicely illustrate that gaining additional robustness against

a larger fraction of outlying observations can be obtained at a relatively small drop in

efficiency of the quantile-based estimator.

3.2.5 Finite sample corrections

The quantile-based estimators (3.13) and (3.14) depend on the scaling term c(q) = Φ−1(q)−
Φ−1(1 − q), to adapt the empirical distance between quantiles for the expected distance

according to the standard normal distribution. For small samples it is preferable to replace

the asymptotic quantiles Φ−1(q) ≡ QN (q) by a term determined by the expected value of
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Figure 3.2: Efficiency of QPV 2
N (q,λ, p)
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the quantile for the standard normal distribution. Using quantile definition (3.6), this

would deliver

Q
N
N (q) = wZ̄(l) + (1− w)Z̄(l+1), (3.19)

with l and w as before, and where Z̄(i) denotes the expected value of the ith order statistic

of the independent standard normal variables z1, . . . , zN . For a given finite N , Z̄(i) can be

obtained as

Z̄(i) = i

(
N

i

)∫ ∞
−∞

z
[
1− Φ(z)

]N−i[
Φ(z)

]i−1
φ(z)dz.

Here φ and Φ are the pdf and cdf respectively of the standard normal variable, see Harter

(1961).

Figure 3.3: Finite sample correction Φ−1(q)/Q
N
N (q)
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When the number of available observations N is finite and relatively small, there are

noticeable differences between the expected and limiting values of the quantiles used within
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the scaling term. This is illustrated in 3.3 where the ratio between the asymptotic and

final sample terms Φ−1(q)/Q
N
N (q) are given for N ∈ {50, 100, 250, 1000} and for values of

q ∈ {0.7, 1}. Note that the difference between the asymptotic and finite sample scaling

term is especially important at the more extreme quantiles, and for sample sizes less than

or equal to N = 100. The use of asymptotic scaling term in small samples induces therefore

a substantial bias, even if Assumption 1 is satisfied. In the remainder of the paper, for

sample sizes N ≤ 1000 we apply a scaling term cN(q) based on the expected quantiles

Q
N
N (q) as defined in (3.19).

The asymptotically unbiased estimator of σr constructed from a linear combination of

sub-estimators as in (3.14) relies on the assumption of the normal distribution. However,

if the assumption of the normal distribution does not hold as a fraction of outliers is found

in the data, then the ordering of the normal order statistics is altered, which in turn can

lead to a bias. If we know the fraction of outliers, then we are able to bias-correct the

estimator by suitably adopting the scaling term cN(q) further. We investigate this issue in

the simulation study in Section 3.4.

3.3 Derivation of the Outlier Test

In Section 3.3.1, we first provide the joint asymptotic distribution of the quantile- and

moment-based measurements of σr. This joint distribution of the two estimators facilitates

testing for a possible presence of outlying observations in the data. The testing procedure

can be carried out through the three test statistics that we propose in Section 3.3.2.

3.3.1 Joint asymptotics of the two measurements of variation

Starting at the moment- and quantile-based measures of σr, it is natural to derive their

joint distribution with the aim to develop formal test statistics. Under normality of the

underlying observations, the resulting joint limiting distribution is shown to be bivariate

normal. The joint distribution facilitates useful practical diagnostics based on these two

estimators. DasGupta and Haff (2006) were the first to present the joint asymptotic

distribution of the inter-quartile range and standard deviation for normally, uniformly

and exponentially distributed underlying observations. Their focus is on the correlation

value between these two measures, both for fixed samples and asymptotically, as both

inter-quartile range and standard deviation are two well accepted measurements of data

dispersion. Based on the joint asymptotic distribution DasGupta and Haff (2006, Corollary

3) provide also a thumb rule for a diagnostic to see whether the underlying data are

normally distributed. Here however we focus on different power variations of the data

measured by our two, robust and non-robust, estimators.
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Proposition 2. Suppose Assumption 1 is satisfied. Let QPV r
N(q,λ, p) be the quantile-

based estimator of σr as in (3.16) and let MPV r
N be the moment-based estimator of σr as

in (3.1). Then as N →∞, we have

N1/2

(
(QPV r

N(q,λ, p),MPV r
N)′ − (σr, σr)′

)
d→ N

(
0, σ2r Λ′ h′H hΛ

)
,

where Λ is a (p+ 1)× 2 matrix determined by λ, h is a (2p+ 1)× (p+ 1) matrix collecting

derivatives and H the (2p + 1)× (2p + 1) variance-covariance matrix of sample quantiles

and sample absolute moment, given by

Λ = Λ(λ) =

[
λ′ 0

01×p 1

]′
, h = h(~q, r) =

[
g′ 0

01×2p
1
b(r)

]′
, H = H(~q, r) =

[
G C

C ′ M(r)

]
.

The matrices g and G are defined in (3.18), (3.17). The scalars b(r),M(r) and Mn
z are

specified in (3.2) and (3.3), respectively. C is the 2p-vector that represents covariances of

sample quantiles and sample absolute moment with elements

Ci = ((C(~q, r))i =
~qi

φ(Φ−1(~qi))
M r

z −
1

φ(Φ−1(~qi))

∫ Φ−1(~qi)

−∞
|z|rφ(z)dz.

Proof. See Appendix 3.A.1.

The result in Proposition 2 allows us to construct test statistics and their limiting distri-

butions under the null of normality.

3.3.2 Test statistics

The joint distribution theory developed for QPV r
N(q,λ, p) and MPV r

N allows the construc-

tion of a formal test statistic designed to detect abnormal observations. Our tests build on

the insight that under Assumption 1 the underlying observations are normally distributed,

therefore both estimators measure the rth power variation of the data. In the presence of a

fraction of outlying observations, the QPV r
N(q,λ, p) estimator retains robustness, provided

a suitable choice of q is made such that quantiles are sufficiently far away from the extreme

tails, while the MPV r
N estimator measures a combination of the variation attributable to

the standard and outlying observations. As a corollary to Proposition 2, we provide three

versions of our test statistic in the spirit of Barndorff-Nielsen and Shephard (2006).

Corollary 3.3.1. Under the setting of Proposition 2, we obtain the following test statistics:

i) the linear test (linear BJ(p, r)):

N1/2

(
QPV r

N(q,λ, p)−MPV r
N

)
√
σ2rΩQM

d→ N
(
0, 1

)
,



3.4. Simulation Results 59

ii) the logarithmic test (logarithmic BJ(p, r)):

N1/2

(
lnQPV r

N(q,λ, p)− lnMPV r
N

)
√

ΩQM

d→ N
(
0, 1

)
,

iii) the ratio test (ratio BJ(p, r)):

N1/2

([
QPV r

N(q,λ, p)/MPV r
N

]
− 1

)
√

ΩQM

d→ N
(
0, 1

)
,

where ΩQM = ψ′Λ′ h′H hΛψ and ψ = [1 − 1]′.

The linear BJ test depends on the unknown quantity σ2r, therefore a feasible test needs

to rely on an estimate of this quantity. Note that the possible gain in power by using a

higher order r might be counteracted by a deterioration in the asymptotic variance of the

test statistic, due to the estimation of σ2r. In order to ensure that the linear test retains

power when outliers are present in the data under the alternative, we estimate σ2r with

the robust quantile-based estimator, i.e. σ̂2r = QPV 2r
N (q,λ, p).

The test statistics given in Corollary 3.3.1 effectively test for the validity of the nor-

mality assumption, with the power of the test concentrated in the direction of testing for

outlying observations, in any moment of the data. In the financial context, these statistics

allow testing for jumps as shown in Sections 3.4 and 3.5. Two related families of tests were

proposed by Barndorff-Nielsen and Shephard (2006, BNS) and Jiang and Oomen (2008,

JO). We use the acronym BNS for the tests of the former authors, JO for comparable

tests by Jiang and Oomen (2008), and reserve the initials BJ for the tests presented here.

The BNS and JO tests are reviewed in Appendix 3.A.2. The test of BNS relates realized

variance and realized bipower variation, where the former measures the quadratic variation

(integrated variance plus jump component), while the latter is robust to jumps and hence

measures the integrated variance. As such, the BNS test exploits the second moment of

the data. The JO test relates swap variance to realized variance. Jiang and Oomen (2008)

show that their test primarily uses the third moment of financial returns. Our simulation

study as well as the empirical exercise will compare the performance of our tests relative

to the two alternatives.

3.4 Simulation Results

In this part, we study the finite sample properties of the test statistics given in Corollary

3.3.1. We first describe the design of our simulation study. Then we discuss the performance

of the quantile-based estimator in terms of the bias in small samples. We finally discuss

the behavior of the testing procedure and relate it to results for the alternative approaches.
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3.4.1 Simulation design

Our empirical illustration in Section 3.5 studies financial data to test for the presence of

jumps. Therefore, the simulation study is set up around the jump diffusion model. The

log price process Xt is assumed to follow a Brownian semi-martingale plus jumps defined

as

dXt = µtdt+ σtdWt + JtdCt, t ∈ [0, 1], (3.20)

where µt denotes the drift coefficient, σt > 0 the spot volatility, Wt is a standard Brownian

motion, Jt is a random-sized jump with mean µJ(t) and variance σ2
J(t) and Ct is a process

that counts the finite number of jumps in the price path up to time t. Price observations

are assumed to be available at normalized equidistant times 0 = t0 < t1 < . . . < tN = 1,

where the interval [0, 1] denotes a trading day. Since our theory applies only when the

variance is constant, we assume σt = σ = 1 which corresponds to around 16% annualized

volatility and is a realistic level of financial volatility. The constant volatility model with

jumps was proposed by Merton (1980) who stressed necesessity to distinguish normal and

abnormal price changes. The constant variance assumption is not necessarily restrictive

and can be considered when data is sampled over a short horizon or on a suitably deformed

time scale.

To simulate the price process in (3.20) we use an Euler discretization scheme. For sim-

plicity we assume µt = 0. We generate one day of data at the highest frequency considered,

setting ∆t = 1
Nmax

. From each generated price path we sample price observations at differ-

ent frequencies as determined by the choice of N . We consider N ∈ {50, 250, 1000, 5000},
to have situations of relatively low and high frequency. For each simulation, we use 100 000

replications to lower simulation variance. To keep output manageable, we report results

for p ∈ {1, 2, 5} and r ∈ {1, 2, 3, 4, 6}. The nominal size is set at 5%.

To examine the bias of the quantile-based measure and to study the power of our tests,

we simulate the price process in (3.20) by adding random-sized jumps. The number of

jumps is set to be either one or three per day. The arrival times of the jumps are uniformly

distributed over the day, and their sizes are drawn from a normal distribution with mean

µJ(t) = 0 and standard deviation chosen as a multiple κ of the daily standard deviation

σ, in particular σJ(t) = σJ = κσ with κ ∈ {0, 0.25, 0.50, 1.00}. The choice of κ determines

the relative contribution of jumps to the price variation, and here it varies from almost

6% (one jump with κ = 0.25) to 75% (three jumps with κ = 1.00).1 The ability to detect

jumps in asset prices naturally deteriorates with lower sampling frequency. This effect will

be apparent in our simulation results as well, especially for combinations of both low κ

and N .

1The relative jump contribution is measured by 100×
(∑C1

i=1 J
2
i

)
/
( ∫ 1

0
σ2
t dt+

∑C1

i=1 J
2
i

)
.
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3.4.2 Bias of the estimator

We start by studying the small sample performance of the quantile-based estimator of

powers of volatility. As we already discussed in Section 3.2.5, the quantile-based estimator

can experience a minor bias when jumps are added to the price process because the ordering

of the normal order statistics (as under the null) is distorted. As a result, empirical

quantiles used to construct the sub-estimator (3.14) might be biased. In general, the bias

depends on the fraction of jumps and their variance.

Table 3.2 presents the simulation results for this setup. For the smallest sample size

considered, N = 50, the upward bias can be rather substantial as the first quantile q1

may be too extreme. In particular, in case we generate three jumps, then for all quantile

measures we observe a substantial bias increasing rapidly with larger size of jumps κ. Since

the number of jumps in general is not known a-priori, and the jumps are randomly-sized,

the changes in ordering are stochastic and no obvious bias correction is feasible.

When we increase the sample size to N = 250, the resulting bias diminishes, apart from

the estimator combining p = 5 pairs which makes use of yet too extreme quantiles to retain

robustness in this sample size. The impact of jumps at this sampling frequency increases

relative to sample size determined by N = 50, the bias thus can be remarkably larger. In

general, the gain in efficiency by combining more pairs of quantiles can only be obtained at

the cost of lowering robustness as more and more information is extracted from the tails.

In such a case, one could always lower the value of q1 as discussed in Section 3.2.3 and

observe the behavior of the measure.

Increasing the sample size further to N = 1000, the estimator using p = 5 pairs retains

robustness for the one jump case, while it still makes use of the 3rd and 998th order

statistics, which may be affected by a jump if three jumps are randomly placed onto the

price process. Consequently, we may still observe considerable bias in this scenario. For

N = 5000, the bias is negligible in this setup, with no estimates deviating more than 2.5%

from the true value of the volatility.

3.4.3 Size of the test: Distribution under the null

To study the size of our test statistics, we simulate the price process as discussed in Section

3.4.1 under the null of no jumps, i.e. with C1 = 0 (or κ = 0, which of course gives the

same data generating process). Table 3.3 reports the sample statistics: standard deviation,

skewness, kurtosis and empirical size of the proposed test statistics. We report analogous

results for the BNS tests, and skip results for the JO tests as those are qualitatively similar.

The results in Table 3.3 show that in a small sample of N = 50 the densities of the BJ

test statistics with higher order r are asymmetric and have heavier tails than the standard

normal density as judged by values of skewness and kurtosis respectively. In particular, we
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Table 3.2: Bias of QPV r
N (q,λ, p)

C1 = 1 jump C1 = 3 jumps
r = 1 2 3 4 6 1 2 3 4 6

N = 50
κ=0 p=1 -0.016 1.351 4.135 8.422 22.194 -0.016 1.351 4.135 8.422 22.194

p=2 -0.020 1.656 5.088 10.426 27.947 -0.020 1.656 5.088 10.426 27.947
p=5 -0.012 1.777 5.440 11.153 30.079 -0.012 1.777 5.440 11.153 30.079

κ=0.25 p=1 1.896 5.307 10.355 17.236 37.727 5.922 13.891 24.289 37.635 76.217
p=2 3.404 9.316 18.310 31.325 76.376 9.859 24.463 45.929 77.825 202.360
p=5 3.099 8.727 17.464 30.296 75.984 9.096 22.726 42.944 73.341 196.391

κ=0.5 p=1 3.398 8.458 15.384 24.469 50.873 11.653 26.870 46.736 72.785 153.203
p=2 12.282 33.940 72.746 145.304 588.317 33.161 98.309 236.120 550.658 3355.952
p=5 10.345 29.263 64.571 134.357 621.139 29.167 86.524 210.586 507.160 3524.887

κ=1 p=1 4.444 10.664 18.919 29.574 60.219 18.399 44.247 81.785 138.737 385.441
p=2 34.686 121.353 360.713 1090.803 12320.874 88.213 384.392 1510.529 6256.900 136750.650
p=5 27.855 102.074 326.327 1089.530 15762.049 76.022 331.723 1352.230 6015.149 161986.657

N = 250
κ=0 p=1 0.003 0.306 0.910 1.819 4.586 0.003 0.306 0.910 1.819 4.586

p=2 0.004 0.353 1.051 2.104 5.319 0.004 0.353 1.051 2.104 5.319
p=5 -0.001 0.429 1.295 2.614 6.708 -0.001 0.429 1.295 2.614 6.708

κ=0.25 p=1 0.612 1.533 2.769 4.332 8.491 1.850 4.050 6.621 9.586 16.814
p=2 0.801 1.967 3.511 5.450 10.596 2.483 5.428 8.874 12.864 22.698
p=5 2.877 7.738 16.103 31.231 120.673 7.893 21.866 48.993 106.890 582.305

κ=0.5 p=1 0.756 1.824 3.211 4.931 9.426 2.302 4.977 8.049 11.547 19.967
p=2 1.030 2.433 4.224 6.423 12.146 3.270 7.077 11.473 16.521 28.883
p=5 8.150 28.088 83.005 252.323 2955.075 20.569 84.231 316.398 1272.751 26912.086

κ=1 p=1 0.834 1.981 3.450 5.254 9.930 2.552 5.490 8.841 12.639 21.729
p=2 1.154 2.685 4.610 6.951 12.987 3.724 8.034 12.991 18.672 32.574
p=5 19.501 100.611 503.176 2794.662 118683.742 46.490 326.882 2346.692 18760.305 1594426.593

N = 1000
κ=0 p=1 -0.012 0.053 0.194 0.412 1.080 -0.012 0.053 0.194 0.412 1.080

p=2 -0.010 0.068 0.234 0.489 1.269 -0.010 0.068 0.234 0.489 1.269
p=5 -0.007 0.094 0.302 0.619 1.583 -0.007 0.094 0.302 0.619 1.583

κ=0.25 p=1 0.171 0.419 0.744 1.148 2.195 0.539 1.159 1.861 2.647 4.476
p=2 0.229 0.549 0.959 1.460 2.744 0.711 1.519 2.427 3.436 5.773
p=5 0.383 0.882 1.500 2.240 4.103 1.481 3.279 5.510 8.374 17.809

κ=0.5 p=1 0.189 0.455 0.799 1.222 2.307 0.596 1.274 2.035 2.880 4.833
p=2 0.257 0.604 1.042 1.572 2.914 0.798 1.695 2.694 3.797 6.329
p=5 0.442 1.003 1.685 2.491 4.498 2.381 6.056 12.641 26.548 154.305

κ=1 p=1 0.199 0.474 0.828 1.260 2.365 0.625 1.333 2.123 2.999 5.015
p=2 0.271 0.633 1.085 1.630 3.001 0.843 1.786 2.831 3.983 6.615
p=5 0.473 1.066 1.781 2.623 4.705 4.104 14.368 48.562 188.396 4241.319

N = 5000
κ=0 p=1 0.026 0.067 0.124 0.196 0.386 0.026 0.067 0.124 0.196 0.386

p=2 0.041 0.099 0.175 0.268 0.509 0.041 0.099 0.175 0.268 0.509
p=5 0.069 0.160 0.272 0.406 0.740 0.069 0.160 0.272 0.406 0.740

κ=0.25 p=1 0.066 0.148 0.245 0.357 0.629 0.147 0.310 0.489 0.684 1.120
p=2 0.093 0.205 0.334 0.481 0.828 0.199 0.417 0.653 0.908 1.473
p=5 0.149 0.319 0.513 0.728 1.228 0.312 0.648 1.008 1.394 2.242

κ=0.5 p=1 0.068 0.151 0.250 0.364 0.640 0.152 0.320 0.504 0.704 1.150
p=2 0.096 0.209 0.341 0.490 0.843 0.207 0.432 0.676 0.938 1.518
p=5 0.153 0.328 0.526 0.746 1.255 0.326 0.676 1.051 1.452 2.331

κ=1 p=1 0.069 0.153 0.253 0.368 0.645 0.155 0.326 0.512 0.714 1.166
p=2 0.097 0.212 0.345 0.495 0.851 0.211 0.440 0.687 0.953 1.541
p=5 0.155 0.333 0.533 0.756 1.270 0.333 0.691 1.073 1.482 2.377

Note: The table reports the percentage bias of σr averaged over number of repetitions. In italics, the biases for cases

where the maximum quantile q1 cannot be estimated robustly for lack of sufficient observations, i.e. when q1 >
N−C1
N+1

when κ > 0, or q1 >
N
N+1

otherwise.

see a poor performance of the linear BJ version, which however is not surprising given that

this statistic involves division by a sample estimate of σ2r. For instance, the linear BJ(·, 6)

test requires an estimate of σ12 which is a difficult quantity to estimate, particularly in

small samples. Since the BJ log- and ratio tests alleviate the need to estimate σ2r, they are

found, as expected, to have better small sample performance than the linear test. The ratio
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Table 3.3: Distribution under the null

BJ(·, 1) BJ(·, 2) BJ(·, 3) BJ(·, 4) BJ(·, 6) BNS

lin log ratio lin log ratio lin log ratio lin log ratio lin log ratio lin log ratio adj.ratio

N=50

std.dev. BJ(1,·) 0.927 0.935 0.952 0.835 0.834 0.854 0.850 0.795 0.806 0.940 0.775 0.803 1.269 0.672 0.895 1.237 1.161 1.116 0.999
BJ(2,·) 0.984 1.000 1.018 0.720 0.753 0.784 0.515 0.560 0.601 0.455 0.539 0.632 0.330 0.474 0.807 - - - -
BJ(5,·) 1.043 1.061 1.076 0.669 0.710 0.737 0.488 0.552 0.598 0.496 0.611 0.723 0.356 0.527 0.908 - - - -

skew BJ(1,·) -0.154 0.078 0.313 -0.714 -0.282 0.108 -1.932 -0.836 -0.152 -3.753 -1.060 -0.073 -17.094 -1.042 0.481 -1.282 -0.820 -0.444 -0.286
BJ(2,·) -0.060 0.130 0.318 -0.242 -0.012 0.200 -0.727 -0.378 -0.062 -0.867 -0.211 0.347 -1.841 -0.066 1.256 - - - -
BJ(5,·) -0.076 0.076 0.221 -0.153 -0.001 0.104 -0.632 -0.283 -0.019 -1.022 -0.250 0.368 -2.178 -0.209 1.368 - - - -

kurt BJ(1,·) 3.017 2.995 3.164 4.205 3.297 3.110 11.297 4.369 2.996 39.452 4.810 2.658 838.859 4.498 2.684 6.241 4.220 3.287 3.014
BJ(2,·) 2.993 3.049 3.217 3.100 3.027 3.097 3.969 3.325 3.046 4.447 3.218 3.185 9.803 3.257 5.340 - - - -
BJ(5,·) 2.991 3.026 3.105 3.076 3.140 3.159 4.247 3.861 3.559 5.376 3.793 3.638 11.561 3.611 6.761 - - - -

size BJ(1,·) 0.034 0.038 0.044 0.020 0.021 0.030 0.025 0.015 0.021 0.033 0.014 0.023 0.037 0.006 0.094 0.088 0.080 0.075 0.048
BJ(2,·) 0.049 0.054 0.060 0.010 0.020 0.031 0.001 0.001 0.007 0.000 0.001 0.021 0.001 0.000 0.082 - - - -
BJ(5,·) 0.065 0.072 0.077 0.034 0.052 0.065 0.001 0.011 0.026 0.001 0.013 0.054 0.001 0.004 0.110 - - - -

N=250

std.dev. BJ(1,·) 0.987 0.989 0.992 0.975 0.974 0.978 0.982 0.968 0.971 1.002 0.959 0.968 1.072 0.885 0.966 1.045 1.032 1.024 0.989
BJ(2,·) 0.984 0.987 0.990 0.934 0.939 0.945 0.923 0.924 0.929 0.932 0.919 0.927 0.968 0.841 0.904 - - - -
BJ(5,·) 1.006 1.010 1.013 0.837 0.848 0.855 0.785 0.808 0.822 0.783 0.826 0.855 0.684 0.751 0.847 - - - -

skew BJ(1,·) -0.053 0.059 0.173 -0.290 -0.095 0.099 -0.654 -0.295 0.037 -1.097 -0.412 0.131 -4.695 -0.537 0.584 -0.533 -0.370 -0.214 -0.155
BJ(2,·) -0.033 0.047 0.128 -0.223 -0.100 0.020 -0.667 -0.399 -0.157 -1.159 -0.540 -0.074 -4.325 -0.712 0.367 - - - -
BJ(5,·) -0.031 0.031 0.092 -0.071 -0.014 0.040 -0.309 -0.180 -0.047 -0.485 -0.214 0.096 -1.217 -0.385 0.469 - - - -

kurt BJ(1,·) 3.031 3.041 3.096 3.172 3.041 3.045 3.812 3.155 2.976 5.867 3.308 2.937 143.154 3.603 3.373 3.607 3.304 3.112 3.035
BJ(2,·) 2.986 2.990 3.016 3.172 3.089 3.061 4.054 3.430 3.121 6.636 3.782 3.090 93.735 4.247 3.268 - - - -
BJ(5,·) 2.996 3.004 3.020 3.034 3.030 3.031 3.170 3.119 3.054 3.400 3.210 3.084 5.963 3.536 3.447 - - - -

size BJ(1,·) 0.047 0.048 0.048 0.044 0.044 0.047 0.043 0.042 0.046 0.044 0.038 0.047 0.048 0.025 0.063 0.058 0.057 0.055 0.047
BJ(2,·) 0.047 0.048 0.049 0.037 0.040 0.043 0.031 0.035 0.040 0.031 0.033 0.042 0.034 0.021 0.052 - - - -
BJ(5,·) 0.052 0.054 0.054 0.032 0.035 0.038 0.016 0.023 0.029 0.011 0.024 0.037 0.009 0.012 0.049 - - - -

N=1000

std.dev. BJ(1,·) 0.994 0.995 0.996 0.994 0.994 0.995 0.997 0.993 0.995 1.002 0.991 0.994 1.014 0.959 0.976 1.009 1.006 1.004 0.989
BJ(2,·) 0.996 0.997 0.998 0.991 0.992 0.994 0.988 0.988 0.989 0.989 0.984 0.985 0.994 0.946 0.953 - - - -
BJ(5,·) 0.999 1.000 1.000 0.945 0.947 0.949 0.939 0.944 0.946 0.945 0.951 0.955 0.941 0.916 0.924 - - - -

skewn BJ(1,·) -0.026 0.030 0.086 -0.137 -0.041 0.056 -0.305 -0.134 0.034 -0.492 -0.199 0.081 -1.201 -0.363 0.289 -0.253 -0.178 -0.104 -0.081
BJ(2,·) -0.007 0.034 0.075 -0.126 -0.063 0.000 -0.334 -0.209 -0.088 -0.536 -0.292 -0.062 -1.373 -0.511 0.103 - - - -
BJ(5,·) -0.002 0.029 0.059 -0.085 -0.054 -0.024 -0.281 -0.201 -0.122 -0.458 -0.268 -0.084 -1.417 -0.562 0.027 - - - -

kurt BJ(1,·) 2.998 2.999 3.011 3.012 2.983 2.986 3.148 3.008 2.973 3.436 3.049 2.972 6.324 3.369 3.137 3.106 3.046 3.007 2.990
BJ(2,·) 3.015 3.018 3.027 3.081 3.059 3.051 3.248 3.117 3.041 3.615 3.215 3.038 7.747 3.745 3.077 - - - -
BJ(5,·) 3.009 3.012 3.017 3.082 3.074 3.068 3.224 3.155 3.099 3.584 3.299 3.137 8.831 4.108 3.204 - - - -

size BJ(1,·) 0.049 0.049 0.050 0.048 0.048 0.049 0.048 0.048 0.049 0.049 0.047 0.050 0.045 0.041 0.050 0.052 0.051 0.050 0.047
BJ(2,·) 0.049 0.050 0.050 0.049 0.049 0.050 0.046 0.048 0.049 0.044 0.046 0.049 0.040 0.038 0.046 - - - -
BJ(5,·) 0.051 0.052 0.052 0.042 0.043 0.044 0.037 0.039 0.041 0.037 0.041 0.044 0.032 0.034 0.043 - - - -

N=5000

std.dev. BJ(1,·) 1.002 1.003 1.003 1.000 1.000 1.001 0.999 0.999 1.000 1.000 0.998 1.000 1.002 0.991 0.994 1.000 0.999 0.999 0.993
BJ(2,·) 1.000 1.000 1.001 0.996 0.998 0.999 0.996 0.997 0.999 0.996 0.997 0.999 0.997 0.988 0.990 - - - -
BJ(5,·) 1.003 1.004 1.005 0.987 0.989 0.991 0.985 0.988 0.991 0.986 0.990 0.994 0.986 0.981 0.984 - - - -

skew BJ(1,·) -0.042 -0.016 0.009 -0.081 -0.037 0.008 -0.149 -0.071 0.006 -0.230 -0.100 0.029 -0.544 -0.215 0.088 -0.115 -0.081 -0.048 -0.038
BJ(2,·) 0.004 0.022 0.040 -0.058 -0.031 -0.003 -0.151 -0.098 -0.045 -0.239 -0.137 -0.037 -0.596 -0.291 -0.015 - - - -
BJ(5,·) -0.004 0.009 0.023 -0.038 -0.024 -0.010 -0.135 -0.099 -0.063 -0.219 -0.138 -0.057 -0.637 -0.343 -0.084 - - - -

kurt BJ(1,·) 3.016 3.013 3.014 3.034 3.024 3.021 3.068 3.032 3.019 3.128 3.040 3.013 3.834 3.187 3.052 3.033 3.022 3.015 3.010
BJ(2,·) 2.993 2.995 2.997 2.990 2.987 2.986 3.018 2.994 2.979 3.104 3.031 2.993 4.043 3.293 3.063 - - - -
BJ(5,·) 2.975 2.975 2.976 3.024 3.022 3.021 3.077 3.061 3.047 3.153 3.091 3.052 4.418 3.463 3.144 - - - -

size BJ(1,·) 0.050 0.050 0.051 0.050 0.050 0.051 0.050 0.050 0.051 0.050 0.050 0.051 0.048 0.048 0.050 0.050 0.050 0.050 0.049
BJ(2,·) 0.051 0.051 0.051 0.050 0.050 0.051 0.049 0.050 0.051 0.048 0.049 0.051 0.046 0.047 0.050 - - - -
BJ(5,·) 0.055 0.055 0.056 0.067 0.068 0.069 0.053 0.054 0.056 0.048 0.051 0.053 0.043 0.045 0.050 - - - -
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BJ test has a somewhat better behavior than the BJ log version except when r becomes

large, r = 6 say. At this sample size, our tests with lower orders of r perform considerably

better than with higher orders as the descriptive statistics that are obtained correspond

closer to the asymptotic standard normal distribution.

As we increase the sample size and look at the simulation results based on N = 250, we

observe a noticeable improvement in performance. The values of variance, skewness and

kurtosis are more consistent with the standard normal distribution. The size distortions

are far less severe, as the empirical sizes match the nominal size of 5% closely. At this

sampling frequency the linear BJ test still performs worse than the log- and ratio BJ test

statistics. Also, the ratio BJ test seems to perform slightly better than the log BJ test

when judged by the reported descriptive statistics. When we increase the sample sizes to

N = 1000 and N = 5000, then the empirical sizes are consistent with the nominal size of

5%.2

3.4.4 Power of the test: Detection of jumps

To examine the power of our tests, we simulate the price process by adding random jumps

as discussed in Section 3.4.1. The construction of the test would suggest that the power of

the test will increase with the order r, as the moment-based measure becomes more heavily

influenced by outliers. To study this effect, Figure 3.4 presents the empirical cumulative

distribution function of the simulated log (left panel) and ratio (right panel) test-statistics

when a single random-sized jump with κ = 0.25 is added to N = 5000 observations.

Our tests are one-sided in nature and their distributions become left-skewed under the

alternative. The most important aspect is that the test statistics built on higher orders of

r are more skewed to the left, reflecting higher impact of outliers on the MPV r
N measure.

For the ratio test statistic, note that there is a limit of −
√
N/ΩQM for the test statistic

under the alternative, which is attained when jumps drive MPV r →∞, hence in general

for increasing r. We examine the performance of the tests when N is considerably smaller.

To conserve on space we report results exclusively based on the BJ ratio test.

Table 3.4 presents the rejection rates of our test, with analogous results reported for the

(adjusted) BNS and JO ratio tests. The simulation results can be summarized as follows.

2The theory developed in this chapter is based on the constant volatility assumption, as the test

effectively relates two measures of unconditional variation under normality. If this assumption is not met,

i.e. if there is remaining deterministic or stochastic time-varying volatility, then the density of returns will

have heavier tails than the normal density. Our test on such data will detect those tails, and hence it

becomes oversized. A simulation study (results not reported here) indeed indicates that the size distortion

is minor for approximately constant volatility processes. The size however increases up to 25% when

volatility process has common GARCH persistence, or if there is periodic variance pattern in returns

such as for intraday data. However, as explained in the empirical section of this chapter, we propose to

devolatilize the data before applying the jumps test.
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Figure 3.4: Distribution under alternative
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The use of the BJ tests built on higher order of r does improve the power to detect jumps

considerably , also for relatively large sample sizes. This is fully in line with expectations.

For instance, for sample sizes N = 1000 or N = 5000 the BJ(·, 6) tests are uniformly more

powerful than any other test considered here, regardless of the variance of jumps and of

the number of jumps.

We find, as expected, that the BJ(·, 2) test performs similarly to the BNS test as both

use the second moment of the data. However, unlike the BJ(·, 2) test, the BNS test can

(substantially) lose power when jumps occur at adjacent locations, as a requirement for

the robustness of both bipower and quadpower measures is violated in such a case. The

BJ(·, 3) test is found to perform similarly (in the single jump case) to the JO test, which

primarily uses the third order of the data; see Jiang and Oomen (2008). However, unlike

the BJ(·, 3) test, the JO test can (substantially) lose power when multiple jumps occur

with different signs as the cubed jumps then offset each other.

If we decrease the sample size to N = 1000, then the advantage of the BJ(·, 6) test over

the BJ(·, 4) version decreases, but still both versions are more powerful than the BNS or

JO test, and the difference in power can be substantial. For instance, with three jumps

with variance determined by κ = 0.25, the BJ(5, 4) has a power of 92.04% and the BJ(5, 6)

has a power of 92.42%, rejection rates considerably higher than the 77.66% of the JO test

and 72.42% of the adjusted BNS. If we increase the variance of jumps to e.g. κ = 1.00,

then the power of all tests is close to unity.

For the sample size N = 250, a sample size for which the size distortions are modest,

the BJ tests based on order r = 3 and r = 4 are in general outperforming other BJ

versions. Considering the case with a single jump, we find that the BJ(·, 3) and BJ(·, 4)

tests perform still slightly better than the JO test and the BNS tests. When multiple

jumps are considered, then superiority of the BJ test with a larger number of pairs and
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Table 3.4: Power of ratio tests

1 jump 3 jumps

BJ(·, 1) BJ(·, 2) BJ(·, 3) BJ(·, 4) BJ(·, 6) adjBNS BNS JO BJ(·, 1) BJ(·, 2) BJ(·, 3) BJ(·, 4) BJ(·, 6) adjBNS BNS JO

N = 50

κ=0.25 BJ(1,·) 0.0466 0.0433 0.0418 0.0288 0.0796 0.1003 0.0687 0.1493 0.0526 0.0663 0.0751 0.0363 0.0558 0.1446 0.1062 0.2235
BJ(2,·) 0.1025 0.0562 0.0060 0.0172 0.0685 - - - 0.1724 0.0972 0.0052 0.0118 0.0451 - - -
BJ(5,·) 0.1177 0.0941 0.0261 0.0478 0.0881 - - - 0.1948 0.1480 0.0288 0.0410 0.0584 - - -

κ=0.50 BJ(1,·) 0.0634 0.1660 0.2014 0.1392 0.0519 0.2359 0.1970 0.3417 0.1084 0.3592 0.4365 0.2995 0.0176 0.4673 0.4174 0.5585
BJ(2,·) 0.2855 0.1627 0.0217 0.0333 0.0437 - - - 0.5508 0.3324 0.0432 0.0381 0.0126 - - -
BJ(5,·) 0.2911 0.1502 0.1259 0.1379 0.0566 - - - 0.5827 0.3335 0.2131 0.1988 0.0166 - - -

κ=1.00 BJ(1,·) 0.1929 0.4498 0.4957 0.4286 0.0287 0.4981 0.4646 0.6013 0.4260 0.7889 0.8420 0.7681 0.0031 0.8329 0.8062 0.8309
BJ(2,·) 0.5602 0.2841 0.2032 0.2251 0.0247 - - - 0.8708 0.5300 0.2728 0.2493 0.0024 - - -
BJ(5,·) 0.5577 0.1610 0.4097 0.4152 0.0317 - - - 0.8947 0.5044 0.5195 0.4918 0.0031 - - -

N = 250

κ=0.25 BJ(1,·) 0.0567 0.1600 0.2485 0.2783 0.2193 0.1742 0.1631 0.2724 0.0877 0.4011 0.5633 0.6053 0.4790 0.4086 0.3934 0.5074
BJ(2,·) 0.0612 0.2091 0.2821 0.3011 0.2545 - - - 0.0962 0.4945 0.6192 0.6426 0.5528 - - -
BJ(5,·) 0.2244 0.1534 0.1881 0.2587 0.2286 - - - 0.4794 0.3368 0.4231 0.5719 0.4412 - - -

κ=0.50 BJ(1,·) 0.1105 0.4350 0.5398 0.5682 0.5150 0.4447 0.4341 0.5552 0.3496 0.8369 0.9049 0.9176 0.8779 0.8299 0.8238 0.8380
BJ(2,·) 0.1471 0.5012 0.5744 0.5899 0.5501 - - - 0.4122 0.8793 0.9215 0.9279 0.9021 - - -
BJ(5,·) 0.5018 0.2938 0.4890 0.5550 0.5279 - - - 0.8487 0.6563 0.7975 0.9065 0.7726 - - -

κ=1.00 BJ(1,·) 0.3073 0.6887 0.7556 0.7716 0.7408 0.6932 0.6866 0.7629 0.7778 0.9730 0.9855 0.9878 0.9811 0.9707 0.9694 0.9547
BJ(2,·) 0.3883 0.7304 0.7746 0.7837 0.7613 - - - 0.8307 0.9813 0.9882 0.9895 0.9854 - - -
BJ(5,·) 0.7287 0.3199 0.7248 0.7644 0.7482 - - - 0.9718 0.8407 0.9214 0.9863 0.8617 - - -

N = 1000

κ=0.25 BJ(1,·) 0.0670 0.3226 0.4774 0.5355 0.5667 0.3350 0.3301 0.4674 0.1518 0.7267 0.8662 0.9016 0.9163 0.7278 0.7242 0.7766
BJ(2,·) 0.0794 0.4064 0.5212 0.5577 0.5758 - - - 0.2033 0.8115 0.8948 0.9144 0.9219 - - -
BJ(5,·) 0.0877 0.4839 0.5488 0.5700 0.5804 - - - 0.1990 0.8551 0.9090 0.9204 0.9242 - - -

κ=0.50 BJ(1,·) 0.1416 0.6038 0.7183 0.7531 0.7720 0.6134 0.6104 0.7092 0.4880 0.9500 0.9787 0.9850 0.9874 0.9502 0.9494 0.9451
BJ(2,·) 0.2022 0.6677 0.7442 0.7666 0.7774 - - - 0.6179 0.9690 0.9841 0.9872 0.9882 - - -
BJ(5,·) 0.2490 0.7229 0.7617 0.7746 0.7802 - - - 0.6085 0.9762 0.9862 0.9879 0.9887 - - -

κ=1.00 BJ(1,·) 0.3537 0.7913 0.8560 0.8748 0.8843 0.7985 0.7966 0.8502 0.8538 0.9926 0.9970 0.9978 0.9982 0.9925 0.9924 0.9870
BJ(2,·) 0.4574 0.8280 0.8701 0.8818 0.8871 - - - 0.9131 0.9955 0.9977 0.9980 0.9983 - - -
BJ(5,·) 0.5218 0.8582 0.8789 0.8856 0.8887 - - - 0.8867 0.9964 0.9979 0.9982 0.9983 - - -

N = 5000

κ=0.25 BJ(1,·) 0.0702 0.5075 0.6846 0.7416 0.7812 0.5320 0.5304 0.6649 0.1973 0.9081 0.9712 0.9831 0.9890 0.9176 0.9171 0.9313
BJ(2,·) 0.0877 0.5837 0.7130 0.7542 0.7847 - - - 0.2884 0.9445 0.9783 0.9856 0.9894 - - -
BJ(5,·) 0.1036 0.6655 0.7383 0.7647 0.7882 - - - 0.3593 0.9679 0.9831 0.9872 0.9900 - - -

κ=0.50 BJ(1,·) 0.1523 0.7355 0.8369 0.8687 0.8898 0.7501 0.7494 0.8266 0.5604 0.9861 0.9957 0.9974 0.9984 0.9873 0.9872 0.9856
BJ(2,·) 0.2197 0.7821 0.8524 0.8756 0.8916 - - - 0.7059 0.9920 0.9968 0.9979 0.9984 - - -
BJ(5,·) 0.2864 0.8272 0.8667 0.8813 0.8932 - - - 0.7848 0.9954 0.9975 0.9981 0.9984 - - -

κ=1.00 BJ(1,·) 0.3706 0.8650 0.9176 0.9337 0.9438 0.8725 0.8720 0.9121 0.8832 0.9979 0.9994 0.9997 0.9998 0.9982 0.9982 0.9970
BJ(2,·) 0.4796 0.8890 0.9259 0.9372 0.9449 - - - 0.9384 0.9987 0.9995 0.9997 0.9998 - - -
BJ(5,·) 0.5577 0.9126 0.9324 0.9396 0.9454 - - - 0.9597 0.9993 0.9997 0.9997 0.9998 - - -
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with power r = 3 or r = 4 is even more evident. Since N = 250 is relatively small sample,

then the use of more quantiles, say p = 5, leads to a decrease in power. For instance, with

κ = 0.25 and three jumps, the power of BJ(5, 2) drops to 33.68%, while the BJ(2, 2) is

around 49.45%. Note that with too extreme quantiles, the robustness of quantile measures

is lost. Nevertheless, at this sampling frequency, our test based on specific orders of r can

still outperform the two alternatives.

If we further decrease the sample size to N = 50, then constructing of our test on

higher order of r does not improve power to detect jumps, even when additional jumps

(three rather than one) are placed in the price process. Note that at this sample size, all

tests actually suffer from size distortions. In conclusion, for realistic sample sizes, our test

is more powerful than the BNS or JO for all jump sizes and numbers of jumps, for specific

orders of r.

3.5 Empirical Applications

3.5.1 Dataset

The data we analyze includes fifteen components of the Dow Jones Industrial Average

index. The data are consolidated trades extracted from the Trade and Quote (TAQ)

database through the Wharton Research Data Services (WRDS) system. The sample

period spans almost five years, from January 3, 2006 to September 30, 2010, with a total

of T = 1195 trading days for all equities.

Before we construct measures and compute tests, the data needs to be cleaned. The

importance of tick-by-tick data cleaning is highlighted by Brownless and Gallo (2006),

Hansen and Lunde (2006) and Barndorff-Nielsen, Hansen, Lunde, and Shephard (2009) who

provide a guideline on cleaning procedures based on the TAQ qualifiers that are included in

the files and described in the TAQ User’s Guide available at the WRDS website. Following

Barndorff-Nielsen et al. (2009) we consider five steps: P1. delete entries with a time stamp

outside the 9:30am to 4:00pm Eastern Time window; P2. delete entries with transaction

prices equal to zero; P3. retain entries only from the single (primary) exchange which is

the NYSE (including NYSE Direct+) in our application; T1. delete incorrect trades as

indicated by the correction indicator; T2. delete entries when the sale condition is not

regular. Table 3.5 provides statistics regarding the pre-processing of the data, reporting

the number of trades per year before/after cleaning, and the average number of trades

per day including minimum and maximum, over the years in the sample. The cleaning

procedures lead to a substantial data reduction. For all equities the largest deletion of the

raw data is due to step P3, which is implement also to reduce the impact of time-delays in

the reporting of trades updates, see Barndorff-Nielsen et al. (2009) for further discussion.

The largest number of transactions for all equities was recorded over 2007 and 2008. The
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Table 3.5: Equity data: summary statistics on the number of consolidated trades

2006 2007 2008 2009 2010

Symbol Raw Clean Avg Raw Clean Avg Raw Clean Avg Raw Clean Avg Raw Clean Avg

AA 2 938 194 1 399 359 5 575 10 484 729 2 730 384 10 878 19 052 862 3 002 379 11 867 25 252 398 2 428 419 9 637 15 661 032 1 172 752 6 238
(3 095; 15 103) (3 566; 35 077) (3 521; 25 190) (3 844; 31 749) (2 229; 20 235)

AXP 2 131 247 1 149 936 4 581 6 960 172 2 466 466 9 827 18 694 570 3 171 851 12 537 22 100 137 3 507 182 13 917 9 869 786 1 671 506 8 891
(1 849; 19 541) (3 744; 24 526) (4 199; 39 268) (2 340; 43 138) (4 133; 27 335)

BA 2 332 928 1 297 892 5 171 6 033 728 2 326 756 9 270 10 433 805 2 581 156 10 202 9 177 067 2 030 485 8 057 5 738 717 1 431 470 7 614
(1 837; 10 114) (2 827; 23 193) (3 293; 24 507) (1 613; 19 235) (3 126; 19 253)

CAT 2 917 482 1 358 294 5 412 6 273 666 2 387 487 9 512 12 101 199 2 488 655 9 837 16 313 099 2 490 239 9 882 8 947 046 1 781 497 9 476
(2 584; 11 976) (3 027; 39 266) (1 953; 21 282) (2 280; 30 249) (3 134; 26 790)

GE 7 308 481 1 682 671 6 704 17 890 755 4 073 410 16 229 53 097 581 6 299 728 24 900 59 023 304 4 494 888 17 837 26 913 874 2 162 807 11 504
(2 384; 25 629) (7 257; 42 630) (10 238; 78 211) (2 751; 58 635) (4 304; 42 812)

HD 4 908 720 1 473 846 5 872 12 053 593 2 940 748 11 716 22 558 723 3 210 311 12 689 19 088 604 2 638 725 10 471 12 543 075 1 817 506 9 668
(2 274; 21 766) (4 413; 27 376) (3 416; 30 495) (2 672; 21 788) (3 795; 33 095)

IBM 2 811 212 1 533 389 6 109 7 417 523 3 129 273 12 467 12 485 302 3 202 219 12 657 11 580 628 2 555 039 10 139 7 042 620 1 991 539 10 593
(2 483; 15 266) (3 981; 31 309) (3 874; 30 967) (4 036; 24 791) (4 203; 27 314)

JPM 4 127 533 1 484 066 5 913 14 296 841 3 937 709 15 688 54 047 407 7 229 963 28 577 68 011 683 6 825 146 27 084 31 389 431 3 247 516 17 274
(2 414; 12 739) (5 414; 44 706) (6 771; 89 980) (4 561; 67 384) (7 849; 47 420)

KO 2 643 426 1 179 259 4 698 7 068 542 2 313 047 9 215 15 265 008 3 066 471 12 120 12 916 579 2 472 864 9 813 8 717 521 1 421 613 7 562
(2 246; 8 131) (2 822; 20 877) (3 010; 35 184) (3 192; 26 250) (3 781; 25 352)

MCD 2 543 832 1 169 975 4 661 6 436 406 2 028 862 8 083 12 970 858 2 680 197 10 594 12 452 641 2 298 559 9 121 6 643 969 1 389 262 7 390
(1 830; 9 538) (3 266; 20 252) (2 942; 33 469) (2 187; 23 720) (3 156; 22560)

PFE 9 148 652 1 627 340 6 483 14 623 994 3 235 968 12 892 27 636 290 3 477 087 13 743 32 199 521 3 298 404 13 089 20 985 874 1 447 425 7 699
(3 022; 12 164) (4 444; 21 838) (5 410; 41 934) (2 844; 45 629) (3 658; 24 496)

PG 3 064 038 1 624 277 6 471 8 667 109 2 863 358 11 408 19 369 125 3 658 744 14 461 16 275 148 2 803 493 11 125 10 602 195 1 656 146 8 809
(3 404; 16 053) (4 046; 26 284) (6 299; 37 735) (2 499; 24 520) (4 237; 27 580)

T 5 183 297 1 663 205 6 626 13 641 001 3 439 970 13 705 29 034 642 4 198 031 16 593 25 862 175 3 076 086 12 207 16 199 893 1 430 443 7 609
(1 807; 18 575) (5 348; 27 409) (5 282; 45 161) (2 334; 28 679) (3 278; 22 337)

WMT 5 264 919 1 614 599 6 433 12 456 917 3 290 958 13 111 26 919 968 4 266 108 16 862 22 534 757 3 449 871 13 690 11 566 208 1 888 542 10 045
(3 037; 10 200) (4 236; 27 298) (4 728; 39 818) (2 897; 44 283) (3 907; 24 949)

XOM 7 873 641 2 946 807 11 740 20 516 820 6 059 941 24 143 42 366 522 6 983 246 27 602 33 762 439 5 306 792 21 059 22 049 321 3 068 502 16 322
(5 738; 35 560) (6 030; 51 552) (10 220; 70 619) (5 818; 54 789) (7 805; 57 633)

Note: The table reports the yearly number of trades before and after cleaning and the average daily activity together with the minimum and maximum of number

of trades between parentheses. The sample period is January 3 2006 to September 30 2010.

AA- Alcoa; AXP- American Express; BA- Boeing Company; CAT- Caterpillar; GE- General Electric; HD- Home Depot; IBM- Int. Business Machines; JPM- JPMorgan

Chase & Co; KO- Coca-Cola; MCD- McDonald’s; PFE- Pfizer; PG- Procter & Gamble; T- AT&T; WMT- Wal-Mart Stores; XOM- Exxon Mobil.
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average number of clean transactions for all equities per day amounts to around 12 000.

Intraday returns can be constructed using different types of sampling schemes, see

Zhou (1992), Hansen and Lunde (2006), Oomen (2006) and Griffin and Oomen (2008).

Most common is the calendar time sampling scheme, where data is sampled at fixed time

intervals. This scheme has a shortcoming that information can be insufficient in highly

volatile intraday time intervals and redundant at other moments of the day. Alternatively,

one can apply a transaction time sampling scheme, such that the observations are sampled

every kth transaction. This sampling scheme adapts naturally to the trading activity, and

thus estimates have lower variability relative to estimates based on data sampled in calendar

time; see Oomen (2006). In our application however, we use a sampling scheme that forms

a series of de-volatilized intraday returns, through a sampling Oomen (2006) refers to as

business time sampling. This scheme dates back to Zhou (1992) who proposes to sample

data each time some pre-specified amount of variation has realized. The resulting series

is therefore equally informative. This scheme requires an estimate of intraday cumulative

volatility. Since volatility is latent, we follow the idea of Fukasawa (2010) by applying

cumulative volume as a proxy for cumulative latent volatility.3 Thus, our sampling times

t0,N , t1,N , . . . , tN,N are such that amount of realized volume in each interval (ti−1,N , ti,N ]

equals (total volume)/N , and we set N ∈ {250, 500}. On average, this corresponds to

sampling every 48th and 24th transaction. Relative to calendar time sampling, we sample

more frequently at the start and at the end of the trading day, while less frequently in the

middle of the day. Our sample sizes also yield a reasonable compromise between potential

microstructure effects and problems due to too small sample size. Actually, since the data

is sampled sparsely, microstructure noise and price discreteness (as judged by first order

serial correlation, volatility signature plots and histogram of price increments) are not

expected to affect our results greatly.

3.5.2 Empirical results

We start by illustrating the time series of computed empirical quantiles. Panel i) of Figure

3.5 plots symmetric pairs of quantiles of intraday returns for the JPM equity. We observe

a considerably larger spread of empirical quantiles around 2008 and 2009, the period cor-

responding to the subprime crisis. Panels ii) and iii) plot the volatility estimates of σt
resulting from the bipower and quantile-based variation measures for all days in series, and

their difference. The two measures correspond closely, although a more detailed inspec-

3Alternatively, we also experimented using estimators of integrated variance robust to microstructure

noise and jumps to obtain an estimate of cumulative variance. This delivered very similar results that

do not change our conclusions. However, since the high-frequency based estimators depend on tuning

parameters, and in general are considerably more complicated to obtain than cumulative volume, we

report results based on the latter proxy only.
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tion indicates that for several days the bipower variation deviates from the quantile-based

measure. We observe that for these days the requirement that large price increments are

preceded and succeeded by very small returns is not satisfied. This may in turn lead to

loss of power of the BNS tests for these days.

Figure 3.5: Empirical quantiles and variation measures
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We compute the ratio tests using intraday data from the trading days. As such, each

day and each equity is treated on its own. Table 3.6 reports the fraction of days where

one or more significant jumps are detected using the 5% significance level. The results can

be summarized as follows. Using only N = 250 returns per day the rejections of the null

hypothesis of no jumps are less frequent than for the sample size N = 500, as was also

expected from the Monte Carlo results. At N = 250, the fraction of days where the second

moment is affected by presence of jumps is around 20-40%, and it increases to 40-60% for

the third and fourth moment as judged by the BJ test. At N = 500, we find that the

fraction of days with the second moment significantly affected by jumps is roughly 40-60%,

and it increases to 70-80% for the BJ(·, 3) and BJ(·, 4) tests. The sixth moment of the

data seems to be less affected, although the Monte Carlo study suggests one should not

fully trust results based on r = 6 at this sample size as the QPV may still suffer from a

small bias due to the jumps, and the test statistic may be incorrectly sized. It is seen that

for all three cases of p ∈ {1, 2, 3} the results are similar. We do not report results when

p > 3 sub-estimators are used in the quantile-based measure, as the optimal quantile q1

may be too extreme in this case, cf. Table 3.1. Results not reported here indicate strong

sensitivity with respect to the level of q1 when p > 3, a result that is not satisfactory from

the practical point of view.

The BJ(·, 2) and BNS tests provide in general similar results, which is in line with

expectations from the simulations. Surprisingly, the JO test rejects the null less frequently

than the BJ(·, 3) and BNS tests, which suggests that both positive and negative jumps
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occur on the same day, offsetting each other. Indeed, a more detailed inspection of the

data suggests that abnormally large price increments appear in both directions. We find

that the fraction of days with identified jumps is slightly higher than reported by Gilder

(2009) in his extensive study (based on the approach proposed by Andersen, Bollerslev,

and Dobrev (2007)), also using US equities but over the period 2002-2006. As our sample

period spans the financial crisis of 2007-2010, the jump process can be expected to be more

active than in the earlier period as studied by Gilder (2009).

We study a few cases in more detail, in a similar way as Jiang and Oomen (2008).

Figure 3.6 presents the scatter plot of the p-values of the test statistics considered for

the JPM equity. Dotted lines present the nominal size of 5%. The lower left quadrant

indicates instances where both the BJ and the adjusted BNS respectively the JO detect

presence of jumps. The top left quadrant indicates when the BJ detects outliers while

the alternative does not, while the bottom right quadrant shows the reverse. There is a

substantial number of instances where the testing results overlap, but also when they lead

to opposite decisions. It is of interest to have a closer look at these cases. Specifically,

we look at the most extreme instances as measured by the distance between the p-values

of the two competing tests, marked by circles in top-left and bottom-right corners of the

panels of Figure 3.6.

Figure 3.6: Scatter plots of p-values for the JPM equity
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Table 3.7 reports p-values for the ratio tests for these most extreme instances. We focus

on the second moment of the data and contrast BJ and BNS tests. Let us consider the

January, 11, 2007 case. We observe that for r = 2 and p ∈ {1, 2} the BJ ratio tests detect

one or more outliers, while (adj)BNS but also JO do not. Only when p = 3 (and using

the quantiles prescribed by the asymptotic minimum variance criterion used throughout

the article), the BJ test does not detect significant jumps. If we lower the value of q1 by

e.g. 1%, a drop of the p-value is found (result not reported in the table). The top panel of
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Table 3.6: Testing results for equity data

N = 250 N = 500

Symbol BJ(p, ·) BJ(·, 1) BJ(·, 2) BJ(·, 3) BJ(·, 4) BJ(·, 6) adjBNS BNS JO BJ(·, 1) BJ(·, 2) BJ(·, 3) BJ(·, 4) BJ(·, 6) adjBNS BNS JO

AA BJ(1,·) 0.3615 0.3699 0.5121 0.5322 0.1381 0.2126 0.2167 0.0904 0.6084 0.6025 0.7381 0.7808 0.6636 0.4502 0.4510 0.0962
BJ(2,·) 0.5238 0.4008 0.5490 0.5481 0.2167 - - - 0.7356 0.6234 0.8000 0.8310 0.6619 - - -
BJ(3,·) 0.6837 0.3623 0.5205 0.5222 0.1774 - - - 0.8167 0.5916 0.7958 0.8218 0.6184 - - -

AXP BJ(1,·) 0.3556 0.3205 0.5029 0.5347 0.1824 0.1590 0.1632 0.1197 0.5423 0.5347 0.7749 0.8251 0.6987 0.3238 0.3238 0.1356
BJ(2,·) 0.5715 0.3029 0.5397 0.5649 0.2418 - - - 0.7481 0.5531 0.8142 0.8577 0.7121 - - -
BJ(3,·) 0.7356 0.3021 0.4987 0.5172 0.2134 - - - 0.8653 0.5029 0.8318 0.8619 0.6795 - - -

BA BJ(1,·) 0.2996 0.3565 0.6008 0.6368 0.2753 0.1548 0.1565 0.1582 0.5063 0.5548 0.8293 0.8745 0.7816 0.3088 0.3088 0.1582
BJ(2,·) 0.5657 0.3498 0.6000 0.6360 0.3331 - - - 0.7674 0.5289 0.8619 0.8979 0.7741 - - -
BJ(3,·) 0.7431 0.2937 0.5724 0.6100 0.2795 - - - 0.8946 0.4828 0.8745 0.8996 0.7548 - - -

CAT BJ(1,·) 0.3665 0.2527 0.4418 0.4678 0.1356 0.1573 0.1590 0.1096 0.5540 0.4176 0.7079 0.7598 0.6360 0.3088 0.3088 0.1046
BJ(2,·) 0.5782 0.2301 0.4778 0.5038 0.1816 - - - 0.8234 0.4109 0.7297 0.7816 0.6259 - - -
BJ(3,·) 0.7397 0.2176 0.4351 0.4661 0.1523 - - - 0.8921 0.3967 0.7782 0.8226 0.6092 - - -

GE BJ(1,·) 0.3799 0.3883 0.4276 0.4067 0.1013 0.2485 0.2561 0.0762 0.6435 0.6485 0.6887 0.6703 0.5297 0.5272 0.5305 0.0720
BJ(2,·) 0.4812 0.4134 0.4360 0.3950 0.1305 - - - 0.6736 0.7088 0.7506 0.7255 0.5381 - - -
BJ(3,·) 0.5715 0.4561 0.4427 0.3858 0.1071 - - - 0.7255 0.6837 0.7238 0.7213 0.4862 - - -

HD BJ(1,·) 0.2912 0.3791 0.5464 0.5682 0.2000 0.1623 0.1657 0.1013 0.5197 0.6159 0.7757 0.8201 0.7180 0.3238 0.3238 0.1138
BJ(2,·) 0.4979 0.3531 0.5623 0.5866 0.2569 - - - 0.6837 0.6042 0.7933 0.8301 0.6845 - - -
BJ(3,·) 0.6603 0.3297 0.5397 0.5531 0.2084 - - - 0.7808 0.5816 0.7933 0.8268 0.6711 - - -

IBM BJ(1,·) 0.2485 0.2720 0.4519 0.4728 0.1406 0.1155 0.1197 0.1054 0.4603 0.4243 0.7029 0.7640 0.6134 0.2477 0.2485 0.1188
BJ(2,·) 0.4510 0.2427 0.4594 0.4711 0.1967 - - - 0.7021 0.4368 0.7473 0.7799 0.6176 - - -
BJ(3,·) 0.6393 0.1925 0.4159 0.4435 0.1515 - - - 0.8444 0.4042 0.7732 0.8176 0.5925 - - -

JPM BJ(1,·) 0.2669 0.2393 0.3573 0.3615 0.0962 0.1381 0.1456 0.0962 0.4812 0.4159 0.5941 0.6544 0.5029 0.2527 0.2527 0.0962
BJ(2,·) 0.4042 0.2820 0.3766 0.3774 0.1389 - - - 0.6351 0.4770 0.6611 0.6921 0.5230 - - -
BJ(3,·) 0.5473 0.2485 0.3356 0.3331 0.1247 - - - 0.7456 0.4377 0.6611 0.7013 0.5004 - - -

KO BJ(1,·) 0.3339 0.4100 0.5724 0.5808 0.2259 0.1515 0.1531 0.1038 0.5498 0.6059 0.7883 0.8234 0.7222 0.3021 0.3021 0.0962
BJ(2,·) 0.5331 0.3975 0.5632 0.5682 0.2837 - - - 0.7113 0.6075 0.7941 0.8360 0.6996 - - -
BJ(3,·) 0.6887 0.3448 0.5381 0.5515 0.2285 - - - 0.7908 0.6234 0.8226 0.8460 0.7146 - - -

MCD BJ(1,·) 0.3481 0.3849 0.6017 0.6268 0.2192 0.2126 0.2142 0.1255 0.5506 0.5983 0.7824 0.8377 0.7431 0.3749 0.3749 0.1331
BJ(2,·) 0.5749 0.3808 0.5967 0.6017 0.2904 - - - 0.7389 0.5908 0.8218 0.8544 0.7372 - - -
BJ(3,·) 0.7556 0.3347 0.5339 0.5707 0.2393 - - - 0.8377 0.6017 0.8377 0.8753 0.6996 - - -

PFE BJ(1,·) 0.4151 0.5105 0.5515 0.5439 0.1824 0.2787 0.2862 0.0987 0.6937 0.7406 0.7573 0.7448 0.6368 0.5967 0.5983 0.0828
BJ(2,·) 0.5364 0.5297 0.5883 0.5464 0.2343 - - - 0.7004 0.7950 0.8050 0.7975 0.6628 - - -
BJ(3,·) 0.5992 0.5724 0.5874 0.5540 0.1891 - - - 0.7565 0.7523 0.7849 0.7674 0.5799 - - -

PG BJ(1,·) 0.3230 0.3615 0.5381 0.5582 0.2251 0.1841 0.1874 0.1339 0.5063 0.5858 0.7640 0.8100 0.7230 0.3063 0.3079 0.1255
BJ(2,·) 0.4954 0.3682 0.5607 0.5799 0.2820 - - - 0.6862 0.6008 0.8075 0.8418 0.7063 - - -
BJ(3,·) 0.6979 0.3448 0.5163 0.5448 0.2301 - - - 0.8276 0.5598 0.8134 0.8385 0.6862 - - -

T BJ(1,·) 0.3439 0.4469 0.5791 0.5983 0.2318 0.2494 0.2552 0.1431 0.6084 0.6695 0.7900 0.8218 0.7339 0.4603 0.4611 0.1397
BJ(2,·) 0.5071 0.4619 0.6050 0.6084 0.3038 - - - 0.6820 0.7063 0.8268 0.8435 0.7238 - - -
BJ(3,·) 0.6343 0.4569 0.5632 0.5749 0.2494 - - - 0.7682 0.6912 0.8318 0.8527 0.7004 - - -

WMT BJ(1,·) 0.2544 0.3347 0.4720 0.4812 0.1481 0.1255 0.1289 0.0862 0.4912 0.5289 0.7264 0.7808 0.6510 0.3029 0.3063 0.1079
BJ(2,·) 0.4494 0.3372 0.4728 0.4703 0.2059 - - - 0.6460 0.5531 0.7607 0.7891 0.6502 - - -
BJ(3,·) 0.5774 0.3163 0.4326 0.4444 0.1640 - - - 0.7657 0.5590 0.7640 0.8084 0.6234 - - -

XOM BJ(1,·) 0.1983 0.1732 0.2435 0.2586 0.0703 0.0996 0.1038 0.0762 0.3833 0.2979 0.4611 0.5054 0.3732 0.2159 0.2184 0.1054
BJ(2,·) 0.3029 0.1707 0.2494 0.2586 0.1013 - - - 0.5573 0.3565 0.5013 0.5272 0.3749 - - -
BJ(3,·) 0.4167 0.1699 0.2410 0.2259 0.0954 - - - 0.6285 0.3682 0.5456 0.5682 0.3766 - - -
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Figure 3.7a zooms in on this date, January 11, 2007. We observe that the largest negative

price increment is neither preceded nor followed by very small returns. In such a situation,

the bi- and quad-power variation can loose robustness, leading to a lower value of the BNS

test statistic. This can explain the advantage of the BJ test over the BNS test.

Table 3.7: Ratio tests for the selected case studies

BJ(·, 1) BJ(·, 2) BJ(·, 3) BJ(·, 4) BJ(·, 6) BNS adjBNS JO

11Jan2007
p = 1 0.0145 0.0000 0.0003 0.0052 0.1137 0.9954 0.9954 0.7951
p = 2 0.0001 0.0002 0.0871 0.4741 0.8320 - - -
p = 3 0.1019 0.5146 0.1453 0.2059 0.4908 - - -

17Jun2010
p = 1 0.0658 0.9485 0.3765 0.3422 0.5771 0.0022 0.0026 0.1761
p = 2 0.0002 0.1138 0.9455 0.8094 0.9915 - - -
p = 3 0.0783 0.1304 0.0260 0.0925 0.4639 - - -

18Jun2009
p = 1 0.0773 0.2277 0.0070 0.0050 0.0641 0.1480 0.1480 0.9973
p = 2 0.0280 0.0333 0.0001 0.0003 0.0375 - - -
p = 3 0.0000 0.6917 0.0009 0.0008 0.0436 - - -

08Dec2008
p = 1 0.0244 0.2536 0.9994 0.4636 0.2620 0.8755 0.8816 0.0306
p = 2 0.4883 0.2280 0.0371 0.0306 0.1011 - - -
p = 3 0.1171 0.6097 0.0666 0.0404 0.1060 - - -

Note: The table reports p-values for the indicated tests.

For the June 17, 2010 case, the BJ ratio tests do not identify jumps for r = 2 and

p ∈ {1, 2, 3}, while (adj)BNS does. Here the BNS and adjusted BNS test have different

p-values which suggests that de-volatilization procedure was not entirely successful, and

this may lead to worse performance of the BJ test. The bottom panel of Figure 3.7a focuses

on this day, and we notice a cluster of larger negative price increments at the beginning of

the sample, and a histogram where also the central part is distinctly non-normal. This is

a case where the BJ test may fail.

We now focus on the case when the test is built on the third moment and we contrast

the BJ and JO tests. On June 18, 2009 the BJ ratio tests with r = 3 and p ∈ {1, 2, 3}
detect jumps, while the JO test does not. The top panel of Figure 3.7b zooms on June

18, 2009. We observe that a few positive as well as negative substantial price increments

occur, particularly at the beginning of the sample. If there are multiple abnormal price

increments of opposite signs, then the JO test can fail to detect them. It is the scenario

where the BJ test has an advantage over the JO test.

On December 8, 2008 the JO test indicates the presence of jumps while the BJ(1, 3)

does not. The bottom panel of Figure 3.7b displays the returns for this date. There is a

large positive price increment at the 15th observation, which also shows up in the right tail

of the density as seen in panel ii-c) of Figure 3.7b. On this particular day, the empirical

density in panel ii-c) displays relatively short tails (apart from the one outlier), which may

have led to a downward bias on the QPV estimator. However, as soon as we combine more

pairs, the BJ test lead to similar testing outcome as the alternative JO test.
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Figure 3.7: Case studies for the JPM equity.
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(a) The figure displays price levels, returns, and histogram/density of returns; top panel

11Jan2007, bottom panel 17Jun2010.
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(b) The figure displays price levels, returns, and histogram/density of returns; top panel

18Jun2009, bottom panel 08Dec2008.
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3.6 Summary and Conclusions

This chapter introduces the quantile-based measure of power variation of returns, which

is robust against outlying (or abnormal) observations. We derive the joint asymptotic dis-

tribution of the quantile and moment-based measures of σr under the normal distribution.

With the limiting distribution, we provide a new class of test statistics designed to detect

outliers that lead to deviations from normality. The test statistics exploit different powers

r, and hence facilitate judging the impact of outliers on different moments of the data.

The tests are easy to implement and can be applied to any homoskedastic dataset, where

it is conjectured that the presence of a finite number of outliers leads to non-normality.

We apply our theory to test for the presence of jumps in equity data over a sequence

of trading days. In order to do so, we use the cumulative volume of the trades as a

proxy for cumulative volatility, allowing us to devolatilize the returns to a homoskedastic

series. Throughout the chapter, we compare the performance of our tests to widely applied

alternatives: the tests of Barndorff-Nielsen and Shephard (2006) and of Jiang and Oomen

(2008). The simulation results show that for higher orders of r our tests are more powerful

than the alternative testing approaches. The empirical illustration shows that jumps can

occur more frequent than judged by second or third moment of the data only.

In the empirical study, we alleviate the presence of microstructure noise in the high-

frequency data by sampling the data sparsely. On the one hand, the lower frequency

decreases the ability to detect jumps. On the other hand, problems related to price dis-

creteness and other microstructure effects can also adversely effect the quantile-based and

moment-based estimators of σr, and these problems are evaded here by the sparse sam-

pling. Application of the same techniques on ultra high-frequency data, possibly using

noise-reduction techniques as the pre-averaging of price increments proposed by Jacod, Li,

Mykland, Podolskij, and Vetter (2009b), requires an extension of the asymptotic theory

presented here, to allow for the dependence in data introduced by the noise reduction

techniques. We leave this option for future research.
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3.A Appendix

3.A.1 Proofs

Proof of Proposition 1: The proof follows the results stated in Theorem 3.2.1 and

Corollary 3.2.2. Here we explain the steps in more detail. Let y be a normal variable with

mean µ and variance σ2 and let z be a standard normal variable. We make use of the

symmetry property of the normal distribution and the convenient standard form,

f(y;µ, σ2) =
1√
2πσ

exp

{
− (y − µ)2

2σ2

}
=

1

σ
φ(z), (3A.1)

where φ denotes the pdf of the standard normal variable. The proof consists of two parts.

First we present the asymptotic variance-covariance of sample quantiles, then we derive

the expressions for the partial derivatives of the function of quantiles that constitutes the

quantile-based estimator (3.16).

We start by considering the 2p × 1 vector of quantiles ~q = [~q1, . . . , ~q2p]
′ = [1 − q1, 1 −

q2, . . . , 1 − qp, qp, . . . , q2, q1]′ with 1 > q1 > . . . > qp > 1/2. Using Theorem 3.2.1 and the

symmetry of the density (3A.1), it follows that

N1/2
(
QN(~q)−Q(~q)

) d→ N
(

0, σ2G

)
,

where G is the 2p× 2p variance-covariance matrix given in (3.17).

We represent the QPV r
N(q,λ, p) estimator as the function ϕ(·, ·) of the vector QN(q)

and a given weighting scheme λ. In particular,

QPV r
N(q,λ, p) = ϕ(QN(q),λ)

= λ′
([
QPV r

N(q1), · · · , QPV r
N(qp)

]′)
,

with QPV r
N(q) defined in (3.14). Following Corollary 3.2.2 we take the partial derivatives

of function ϕ(QN(q),λ) with respect to ~QN = [QN(1−q1), QN(1−q2), . . . , QN(q2), QN(q1)]

and obtain

∂QPV r
N(q,λ, p)

∂ ~QN

= λ′


∂QPV rN (q1)

∂QN (1−q1)

∂QPV rN (q1)

∂QN (1−q2)
· · · ∂QPV rN (q1)

∂QN (q2)

∂QPV rN (q1)

∂QN (q1)
∂QPV rN (q2)

∂QN (1−q1)

∂QPV rN (q2)

∂QN (1−q2)
· · · ∂QPV rN (q2)

∂QN (q2)

∂QPV rN (q2)

∂QN (q1)
...

...
. . .

...
...

∂QPV rN (qp)

∂QN (1−q1)

∂QPV rN (qp)

∂QN (1−q2)
· · · ∂QPV rN (qp)

∂QN (q2)

∂QPV rN (qp)

∂QN (q1)


′

. (3A.2)

Note that
∂QPV r

N(qk)

∂QN(1− qk′)
=
∂QPV r

N(qk)

∂QN(qk′)
= 0 for k 6= k′, (3A.3)
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hence the matrix of derivatives in (3A.2) simplifies to a diagonal matrix.

We also obtain

∂QPV r
N(qk)

∂QN(1− qk)
=

1

cr(qk)

r∑
j=0

(−1)jj

(
r

j

)[
QN(qk)

]r−j[
QN(1− qk)

]j−1
1{j−1≥0},

∂QPV r
N(qk)

∂QN(qk)
=

1

cr(qk)

r∑
j=0

(−1)j(r − j)
(
r

j

)[
QN(qk)

]r−j−1[
QN(1− qk)

]j
1{r−j−1≥0},

where function 1{B} takes value one if condition B is true, and zero else. In the next step,

we use the symmetry property Q(q) = −Q(1− q) to arrive at

∂QPV r
N(qk)

∂QN(1− qk)
= − 1

cr(qk)

[
Q(qk)

]r−1
r∑
j=0

j

(
r

j

)
, (3A.4)

∂QPV r
N(qk)

∂QN(qk)
=

1

cr(qk)

[
Q(qk)

]r−1
r∑
j=0

(r − j)
(
r

j

)
≡ − ∂QPV r

N(qk)

∂QN(1− qk)
(3A.5)

as
∑r

j=0 j
(
r
j

)
=
∑r

j=0(r − j)
(
r
j

)
.

The structure of (3.18) now follows from (3A.3), (3A.4) and (3A.5). This completes

the proof.

Proof of Proposition 2: In this proposition, it is the asymptotic covariance between the

sample quantile and sample absolute moment (or its power) that is given. This asymptotic

covariance term directly follows from the following theorem:

Theorem 3.A.1. Let Y = {Yi}Ni=1 be a series of iid random normal variables with mean µ,

standard deviation σ, probability distribution function f and inverse cumulative distribution

function F−1. Let QN(q) denote the sample quantile of Y and let MN denote the estimator

of the sample mean of Y , i.e. µN = N−1
∑N

i=1 Yi. The joint asymptotic distribution of

QN(q) and µN is given by the bivariate normal distribution

N1/2
(
(QN(q), µN)′ − (Q(q), µ)′

) d→ N
(
0, σ2 c(q)

)
,

where

c(q) =

[
q(1−q)

[φ(Φ−1(q))]2
M̄z

q
φ(Φ−1(q))

− 1
φ(Φ−1(q))

∫ Φ−1(q)

−∞ zφ(z)dz

M̄z
q

φ(Φ−1(q))
− 1

φ(Φ−1(q))

∫ Φ−1(q)

−∞ zφ(z)dz M̄2
z − (M̄z)

2

]
,

with M̄z =
∫∞
−∞ zφ(z)dz with z being iid standard normal variable. Proof. See Lin, Wu,

and Ahmad (1980).
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Lin et al. (1980) actually present a more general theorem for any distribution that is

absolutely continuous with density f satisfying f(F−1(q) > 0, mean µ, and finite variance

σ2. The entries to the covariance matrix Ω are location invariant. This basic asymptotic

result extends to the vector of multiple quantiles we use, and to any (absolute) moment,

which completes the proof.

3.A.2 Alternative jump test statistics

This part reviews the tests of Barndorff-Nielsen and Shephard (2006) and Jiang and Oomen

(2008). The presented test statistics are derived under the null of no jump in the price

process. We first fix some notation. Let {Pi}Ni=0 denote the asset prices and let Yi = lnPi
denote the log price. Define Ri = Pi/Pi−1 − 1 and ri = Yi − Yi−1 as the simple and log

return respectively. Then,

JO tests:

i) the linear test:

N

(
SwVN −RVN

)
√

ΩSwV
N (p)

d→ N
(
0, 1

)
, (3A.6)

ii) the logarithmic test:

N ·BPVN
(

lnSwVN − lnRVN

)
√

ΩSwV
N (p)

d→ N
(
0, 1

)
, (3A.7)

iii) the ratio test:

N ·BPVN
(

1−
[
RVN/SwVN

])
√

ΩSwV
N (p)

d→ N
(
0, 1

)
, (3A.8)

where

SwVN = 2
N∑
i=1

(Ri − ri), (3A.9)

RVN =
N∑
i=1

r2
i , (3A.10)

BPVN = µ−2
1

N

N − 1

N−1∑
i=1

|ri||ri+1|, (3A.11)

ΩSwV
N (p) =

µ6

9

N3µ−p6/p

N − p+ 1

N−p∑
i=0

p∏
k=1

|ri+k|6/4, (3A.12)
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with µk = E[|z|k] with z ∼ N (0, 1) and p = 4 or p = 6.

BNS tests:

i) the linear test:

N1/2

(
BPVN −RVN

)
√
ϑ ·QVN

d→ N
(
0, 1

)
, (3A.13)

ii) the logarithmic test:

N1/2 ·BPVN
(

lnBPVN − lnRVN

)
√
ϑ ·QVN

d→ N
(
0, 1

)
, (3A.14)

iii-a) the ratio test:

N1/2 ·BPVN
([
BPVN/RVN

]
− 1

)
√
ϑ ·QVN

d→ N
(
0, 1

)
, (3A.15)

iii-b) the adjusted ratio test:

N1/2

([
BPVN/RVN

]
− 1

)
√
ϑ ·max

(
1, QVN/(BPVN)2

) d→ N
(
0, 1

)
, (3A.16)

where ϑ = (π2/4) + π − 5 and where

QVN = µ−4
1 N

N−4∑
i=0

4∏
k=1

|ri+k|. (3A.17)

The adjusted ratio test adapts for homoskedastic variance.





Chapter 4

Heavy-tailed density models with

long memory dynamics for volatility

and dependence

Abstract: This chapter develops a novel framework for the simultaneous time series mod-

eling of financial volatility and dependence based on long memory dynamics and heavy-

tailed densities. The dynamic specification of our model accounts for the properties of the

multivariate series and is robust to outliers or jumps in the data. Our empirical study for

equity data indicates that the degree of memory in volatilities is similar across equities and

the degree of memory in correlations between returns varies significantly. The forecasts

from our modeling framework are compared with high-frequency realized measures. We

outperform well-known benchmark models convincingly.

4.1 Introduction

Different econometric approaches for analyzing time-varying covariances have recently been

developed. The most popular approaches are multivariate generalizations of univariate

volatility models. An overview of the multivariate generalized autoregressive conditional

heteroskedasticity (MGARCH) model is given by Bauwens, Laurent, and Rombouts (2006)

and Silvennoinen and Teräsvirta (2009). A review of the multivariate stochastic volatility

(MSV) model is included in Asai, McAleer, and Yu (2006). Both model formulations are

for multiple time series of, typically, daily returns. The MGARCH model belongs to the

class of observation-driven models in which we formulate conditional densities. The MSV

model belongs to the class of parameter-driven models in which we formulate unconditional

joint densities.
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Andersen, Bollerslev, Diebold, and Labys (2001) and Barndorff-Nielsen and Shephard

(2002) discuss methods for computing realized measures for volatility, or the second mo-

ment of a variable, and for covariance, or the second moment across different variables. Re-

alized measures are computed from high-frequency intra-daily returns. Barndorff-Nielsen,

Hansen, Lunde, and Shephard (2009) discuss kernel-based or nonparametric methods with

different weighting schemes for the efficient estimation of the second moments using high-

frequency data.

Andersen et al. (2001) argue further that realized measures behave as slowly mean-

reverting or fractionally integrated processes. This empirical finding can justify the use of

univariate fractionally integrated models for volatility as considered by Robinson (1991),

Baillie, Bollerslev, and Mikkelsen (1996), Bollerslev and Mikkelsen (1996) and Tse (1998).

The empirical evidence of long memory features in financial volatilities can have important

implications for simultaneous option pricing as discussed in Rombouts and Stentoft (2010).

A number of studies have appeared where the dynamic processes in MGARCH models

are designed to allow for long memory properties. Teyssière (1997) treats a bivariate frac-

tionally integrated MGARCH for two exchange rate return series where the two volatilities

and the covariance have similar long memory properties. A similar model is considered

by Brunetti and Gilbert (2000) who analyze two crude oil price series. In the models of

Teyssière (1997) and Brunetti and Gilbert (2000), the covariances are time-varying only due

to the volatility series. The fractional integration orders for the two volatility processes are

estimated as approximately equal values. Pafka and Mátyás (2001) extend Teyssière (1997)

by considering a trivariate MGARCH model where the fractional integration coefficient is

set equal for all six series associated with the 3× 3 covariance matrix. Conrad, Karanasos,

and Zeng (2010) apply bivariate and trivariate fractionally integrated MGARCH models

with constant correlations to return series from eight major stock indexes and also they

find that the fractional coefficients for the volatilities are estimated by approximately equal

values.

The fractionally integrated MGARCH models used in the earlier studies have several

drawbacks. Firstly, the time-varying conditional covariance matrix cannot be made subject

to a set of analytical restrictions to preserve its positive definite property, see Teyssière

(1997). At each time-update of the MGARCH model, we need to validate this property

and amend the matrix when necessary. Therefore, the constant correlation assumption is

often imposed. This assumption however is too restrictive in view of empirical studies;

see Engle (2002a). Secondly, the model formulations are directed towards volatility. Pa-

rameter estimation is then subject to a set of nonnegativity constraints which may lead

to some difficulties in estimation. Thirdly, Conrad et al. (2010) stress the necessity of

considering heavy-tailed densities but for each series they adopt the same value for the

heavy-tail coefficient. From the univariate analyses by Bollerslev (1987) we learn that tail

properties can be very different for different financial series. In this chapter we aim to
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alleviate these drawbacks and we therefore aim to develop a more suitable model for the

simultaneous modeling of asset returns. The model accounts for conditional densities with

heavy-tails and for long memory features in the time-varying volatilities and correlations.

The dependence between the series is based on copula functions where marginal densities

can be individually specified with different tail as well as memory coefficients.

It is argued in Joe and Xu (1996) that the copula approach provides a flexible model-

ing framework for multivariate data. Observation driven time-varying copulas have been

originally developed by Patton (2002, 2006) while further work has been carried out by

Dias and Embrechts (2004), Jondeau and Rockinger (2006), Bartram et al. (2007), Ausin

and Lopes (2010) and Dias and Embrechts (2010). Hafner and Manner (2010) consider

parameter driven counterparts of the dynamic copulas. In most of these studies, the time-

varying dependencies have been estimated as highly persistent processes, see, in particular,

Jondeau and Rockinger (2006, Table 6). Hafner and Manner (2010) even report that some

copulas’ dependence processes are close to a random walk.

We introduce long memory processes for volatility and dependence in a copula frame-

work. The marginal volatility processes are modelled by univariate t densities and the

dependence is modelled by a bivariate t copula density. The resulting conditional model is

typically designed for multiple time series with heavy-tailed properties. For example, the

choice of the t copula density is motivated by its ability to capture dependence of extreme

events. Since the dynamic features of our modeling framework rely on the score of the t

density, we are able to downweight possible outliers in the observation density as well as in

the updating of the parameters over time. This robust property is crucial for long memory

models where the impact of innovations on future values dissipates at a slow hyperbolic

rate.

In our Monte Carlo study we show that our robust long memory specification for the

dynamic copula outperforms short memory alternatives when the copula time dependence

has a slow rate of decay. Our empirical study is based on a set of equity data. The high-

frequency tick data is from the Trade and Quote (TAQ) database for the period January

1993 to May 2010 downloaded through the Wharton Research Data Services (WRDS)

system. We construct daily log returns and realized volatility measures from the database.

The realized measures are used to evaluate the quality of estimation across different models.

We find empirical evidence of long memory in our estimated volatility series. The degree

of long memory is similar to what is found in earlier studies. Long memory features also

appear to be important for our dynamic t copula. The equity correlations rely significantly

on fractionally integrated processes. The degrees of long memory for the correlations across

pairs is substantially different and different from the degrees found in volatilities.

The remainder of the chapter is organized as follows. In Section 2 we introduce our

long memory models for volatility and dependence. In Section 3 we conduct a Monte Carlo

study to examine the performance of some competing models for modeling dependence un-
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der a variety of correlation dynamics. In Section 4 we present the results of our empirical

study. We relate model-based volatilities and correlations to high-frequency based real-

ized measures and we discuss important differences of our models relative to competing

alternatives. Finally, Section 5 concludes.

4.2 Conditional Volatility and Dependence

We provide a new dynamic model formulation for volatility in return series and for depen-

dence between return series. Both volatility and dependence evolve over time as conditional

dynamic processes that have long memory properties. The models rely on heavy-tailed den-

sities. In the case of volatility we consider the Student’s t density and for dependence we

consider the bivariate t copula function.

4.2.1 Modeling of returns and volatility

Let y∗t denote a daily log return series for time t = 1, . . . , n. The expected return is

denoted by θ and a consistent estimate of θ is the sample mean of y∗t denoted by ȳ∗. Define

yt = y∗t − ȳ∗ for t = 1, . . . , n. The mean-adjusted log return yt is modelled as a white noise

series and each realization is assumed to come from a Student’s t distribution with density

given by

p(yt|σ2, ν) =
Γ(ν+1

2
)

Γ(ν
2
)
√

(ν − 2)πσ2

[
1 +

y2
t

(ν − 2)σ2

]−(ν+1)/2

, (4.1)

with variance σ2 > 0, number of degrees of freedom ν > 2 and Gamma function Γ(). It is

well known that the Gaussian distribution is obtained as a special case of the t distribution

when ν →∞ or ν−1 → 0.

It is common practice to model the variance of financial returns as time-varying func-

tions in the form of generalized autoregressive conditional heteroskedasticity (GARCH)

models of Engle (1982) and Bollerslev (1986). Another class of models that enables a

time-varying variance is the stochastic volatility (SV) model of Taylor (1986) and Harvey,

Ruiz, and Shephard (1994). We consider a scheme for modeling volatility that is related to

both GARCH and SV models. It is however directly based on the Student’s t distribution

with density (4.1). The variance σ2 is allowed to be time-varying and is denoted by σ2
t

for t = 1, . . . , n. To enforce the volatility process to have only positive support we rather

model log volatility defined as ht = log σ2
t .

The evolution of ht over time is typically stationary and we can, for example, consider

the first-order autoregressive process

ht+1 = δ + βht + αηt, t = 1, . . . , n, (4.2)
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where δ is an unknown constant, β is an autoregressive coefficient, α is a scaling constant

and ηt is an innovation term with mean zero. For a stationary process, the unconditional

mean of log variance ht is given by µ = δ/(1−β). The dynamics can be expressed in terms

of mean-deviations, that is

ht+1 − µ = β(ht − µ) + αηt, t = 1, . . . , n. (4.3)

The nature of the innovation term determines the class of model. For example, in case

ηt is a stochastic disturbance term, the model is part of the SV class. In case we let ηt
be a function of the current observation, say ηt = yt/σt we obtain a model that is related

to the GARCH model. In particular, the model corresponds closely to the exponential

GARCH (EGARCH) of Nelson (1992). In our framework we follow Creal, Koopman, and

Lucas (2008) and let ηt to be a different function of the current observation. The details

are given below.

It is also argued that the variance σ2
t or the log variance ht typically follow high-

persistence stationary processes; see Robinson (1991), Baillie et al. (1996) and Tse (1998).

Most contributions propose long memory processes as means to model high-persistence

volatility processes. In particular, the fractionally integrated process is often considered

and the long memory formulation can be written as

(1− L)d(ht+1 − µ) = β(1− L)d(ht − µ) + αηt t = 1, . . . , n, (4.4)

where L is the lag operator (with Lht = ht−1) and the fractional difference operator (1−L)d

can be defined by the binomial expansion

(1− L)d = 1− dL+
d(d− 1)

2!
L2 − d(d− 1)(d− 2)

3!
L3 + . . . , (4.5)

for any real order of fractional integration d > −1. To enforce a stationary process for ht,

one can impose d < 1/2. In empirical studies on volatility in financial markets, positive

values are usually obtained for d.

The dynamic process (4.4) is within the class of ARFIMA processes as introduced by

Granger and Joyeaux (1980) and Hosking (1981) for the conditional mean. Most statistical

properties for the ARFIMA process are applicable to (4.4). By analogy, if autoregressive

coefficient |β| < 1, fractional integration coefficient d < 1/2 and ηt is a martingale difference

sequence with finite and time-invariant variance, a covariance stationary and invertible

solution exists for (4.4); see Palma (2007, Section 3.2). The long memory process adds

a considerably larger range of autocovariance functions compared to the short memory

process (4.2); see Appendix 4.A.1 for its general structure.

Figure 4.1 present the autocorrelation function of long memory process. The memory

or temporal dependence of the ht process depends on β and d; compare panels i) to iv). For
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Figure 4.1: Autocorrelation functions for long memory model
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iv)

d = 0 autocovariance function decays at the exponential rate and the process is said to have

short memory. For d < 0 the process has intermediate memory and all autocovariances

(except for lag 0) are negative and decay hyperbolically to zero. For d < 1/2 the process

is persistent and has long memory with an autocovariance function characterized by a

slow hyperbolic rate of decay: the innovation ηt has a long-run effect on future values

of ht. Finally, for 1/2 ≤ d < 1 the process is not covariance stationary but it is still

mean-reverting; see Baillie (1996, p.22). For d = 1 the log variance is a unit process.

A possible generalization of our formulation (4.4) is the introduction of the leverage ef-

fect. It can be incorporated by introducing an indicator function which makes the volatility

respond differently to positive and negative shocks; see Glosten, Jagannathan, and Runkle

(1993). We will discuss such a generalization in our empirical study in Section 4.4.

4.2.2 Dynamic conditional modeling of volatility

To determine the volatility innovation ηt in (4.2) or (4.4), we follow Creal et al. (2008).

When considering the variance h = σ2 directly, they propose to let ηt in (4.2) be equivalent
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to the scaled score function for (4.1) with respect to σ2 at time t. The score function is

defined as the first derivative of log density of (4.1) with respect to σ2 and is evaluated

at σ2 = σ̃2
t where we assume that σ̃2

t is available as it is computed in the previous time

period t−1. The score function is scaled by the inverse of its asymptotic variance which is

typically the expectation of the information matrix. We evaluate the score and expected

information at σ2 = σ̃2
t . The details of computing ηt in this way for h = log σ2 are given

below. We may regard this choice of ηt as ad-hoc. However, in the case of a normal density

function for yt, which is obtained by having ν−1 → 0 in (4.1), this approach leads to an

updating scheme for the variance that is the same as in the GARCH model. Creal et al.

(2008) show that when considering other densities, other well-known conditional dynamic

models in financial econometrics are obtained using their framework. Also they argue that

the score at time t is a natural candidate to adapt the current value of the parameter for

the next period. When parameters are estimated by the method of maximum likelihood

via direct numerical optimization, the score vector is also used as a basis for estimation.

Finally, the martingale difference property of the score as we define it below also makes it

a convenient choice for the innovation ηt in (4.2) or (4.4).

When we opt for the dynamic modeling of the log variance h = log σ2, the log density

of (4.1) in terms of h is given by

log p(yt|h; ν) = c(ν)− 1

2
h− ν + 1

2
log

(
1 +

y2
t

(ν − 2) exph

)
, (4.6)

where c(ν) is a function of ν only. Differentiating the log density with respect to h (see

Appendix 4.A.2 for details), we define the score at time t as

∇t =
∂ log p(yt|h; ν)

∂h
, (4.7)

and is given by

∇t =
1

2

[
ωty

2
t /σ

2 − 1
]
, (4.8)

where the weight ωt is given by

ωt =
ν + 1

(ν − 2) + y2
t /σ

2
≥ 0. (4.9)

For fixed values yt and h, the weight ωt converges to one as ν−1 → 0. Hence the weight is

unity in the Gaussian case. We further learn that a smaller weight is obtained when the

return yt is too large in absolute terms with respect to its volatility σ. The expectation

taken with respect to observation density p(yt|h; ν) of the score ∇t is zero by construction,

that is E(∇t) = 0. We can refer to ∇t as a martingale difference. The Fisher information

at time t in our framework is defined as

It = Et−1

[
(∇t)

2
]
, (4.10)



88 Chapter 4.

and is given by

It =
1

2

ν

ν + 3
. (4.11)

We can conclude that the asymptotic variance of the score is a fixed scaling constant. In

the limiting Gaussian case as ν →∞, we obtain It = 1
2
.

With the score and expected information, we make one-step ahead prediction of log

volatility. For a given value of h at time t, that is h̃t, we obtain the next value of h at time

t+ 1 via (4.2), that is

h̃t+1 = δ + βh̃t + αη̃t, , t = 1, . . . , n, (4.12)

where our choice of η̃t is given by

η̃t = Ĩ−1
t ∇̃t, ∇̃t = ∇t|h=h̃t

, Ĩt = It|h=h̃t
, (4.13)

where ∇t and It are defined above and where we treat δ, β and α as unknown coefficients

that need to be estimated. Since η̃t is scaled by α and It is a fixed constant, we can also

take

η̃t = ∇̃t =
1

2

(
ω̃ty

2
t / exp h̃t − 1

)
, (4.14)

where ω̃t = (ν + 1) /
(
(ν − 2) + y2

t / exp h̃t
)
. For a starting value of h = h̃1, we can apply

(4.12) for t = 1, . . . , n to obtain an updated estimate for log variance h for each time

period. The estimation of the other parameters ν, δ, β and α is discussed in Section 4.2.5.

The general modeling framework of introducing time-varying parameters in model den-

sity specification is developed by Creal et al. (2008). A similar development as presented

above is also developed by Harvey and Chakravarty (2008) who refer to their short mem-

ory model as the Beta-t-EGARCH model. Here we consider the long memory specification

(4.4) for ht and obtain

(1− L)d(h̃t+1 − µ) = β(1− L)d(h̃t − µ) + αη̃t, t = 1, . . . , n, (4.15)

where η̃t is defined as in (4.14). The fractional integration version for the updating of the log

variance introduces an additional unknown parameter, the fractional difference coefficient

d, which needs to be estimated as well. Attractive features of this framework are the

Student’s t distribution for the demeaned log return series yt and the long memory log

volatility ht process. The dynamic process for ht is a function of the unknown parameters

but also of the squared return y2
t and the time-varying weight ωt. The weight ωt is a

direct consequence of considering the Student’s t distribution for yt. For a finite value of

ν, ωt decreases with an increasing value of y2
t ; it downweights the impact of more extreme

observations. The weight (4.9) is bounded at a maximum value of (ν+1)/(ν−2). Also, the

weight ωt is higher when ν is smaller. This robustness property distinguishes our modeling
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framework from existing fractional integrated models for volatility, in particular from the

fractionally integrated GARCH and EGARCH models of Baillie et al. (1996) and Bollerslev

and Mikkelsen (1996).

A volatility modeling framework that is robust to large positive or negative log returns is

important when the log volatility is modelled as a long memory process. The decay of large

shock in the innovation η̃t is at a slow hyperbolic speed rather than at a geometric rate.

The role of ωt as downweighting y2
t when it is too large is therefore crucial for long memory

log volatility as in (4.4). We provide empirical illustrations in Section 4.4 to illustrate the

robustness property of our approach relative to existing long memory volatility models.

4.2.3 Modeling of dependence

The log return series yt can be standardized by their volatilities σ̃t = exp(h̃t/2) obtained

from above. We defined the standardized returns as

zt =
yt
σ̃t
, t = 1, . . . , n.

When considering a set of k time series of daily log return series, we define zit as zt but

now it is the standardized returns for the ith daily return series with i = 1, . . . , k. Copula

functions can be used to describe the dependence structure between the series in a flexible

way. We define uit as the probability integral

uit =

∫ zit

−∞
pzi(x)dx,

where pzi denotes the marginal density of zi. It follows that uit is uniformly distributed,

that is uit ∼ U(0, 1), for i = 1, . . . , k. A copula function is defined generally by

C(u1t, u2t, . . . , ukt) = F
[
F−1

1 (u1t), F
−1
2 (u2t), . . . , F

−1
k (ukt)

]
, (4.16)

where Fi() is the continuous cumulative distribution function (cdf) of the ith marginal

variable for which the inverse function F−1
i () is assumed to exist and where F () is the

joint cdf for all series z1t, . . . , zkt. Multivariate analysis based on copula functions is due

to Sklar’s theorem which states that any k-dimensional joint distribution function can

be decomposed into its k marginal distributions and a copula function that completely

describes its dependence structure. In our treatment below we consider the bivariate t

copula density because it has the ability to capture also the dependence between extreme

events; see the discussion in Demarta and McNeil (2005).

The dependence structure between two marginal series can be described by the bivariate

t copula density as given by

cT (u1t, u2t|ρ;κ) =
γ(κ)

(1− ρ2)1/2

[
1 + κ−1(1− ρ2)−1

(
x2

1t + x2
2t − 2ρx1tx2t

)]−(κ+2)/2

[(1 + x2
1t/κ)(1 + x2

2t/κ)]
−(κ+1)/2

, (4.17)



90 Chapter 4.

where

γ(κ) =
Γ(κ+2

2
)Γ(κ

2
)

Γ2(κ+1
2

)
, xit = T−1

κ (uit), i = 1, 2,

with correlation coefficient ρ, with uniform variable uit ∈ (0, 1) as defined above and with

Tκ() as the cumulative distribution function of the univariate t distribution with κ > 0

degrees of freedom. The resulting joint distribution of the bivariate data is only elliptical if

the number of degrees of freedom in the t copula density (4.17) and the number of degrees

of freedom of the two marginal densities (4.1) are equal. In particular, we have κ = ν1 = ν2

where νi is the degree of freedom of the marginal Student’s t density for the ith series zit,

for i = 1, 2. In this case the joint bivariate distribution corresponds to the bivariate t

distribution. The Gaussian copula density is obtained as the limiting case of the t copula

density for κ→∞. The Gaussian copula density is given by

cG(u1t, u2t|ρ) = (1− ρ2)−1/2exp

[
− 1

2

1

1− ρ2

(
x2

1t + x2
2t − 2ρx1tx2t

)
+

1

2

(
x2

1t + x2
2t

)]
, (4.18)

where xit = Φ−1(uit), i = 1, 2, and where Φ() denotes the cumulative distribution function

of the univariate Gaussian distribution. The Gaussian copula has zero dependence in the

tails of the distribution.

The correlation coefficient ρ determines the dependence between two variables. For this

purpose, we define the variable g as

g = log
1 + ρ

1− ρ
, (4.19)

so that −1 < ρ < 1 for any real value of g. The variable g is allowed to vary over time and

we denote it as gt. We consider the autoregressive process for gt as given by

gt+1 = δ + βgt + αεt, t = 1, . . . , n, (4.20)

where unknown constant δ, autoregressive coefficient β and scaling constant α are deliber-

ately chosen to have the same symbols as in (4.2) for the log volatility ht. The coefficients

have the same roles and their estimation for the volatility process ht and for the depen-

dence process gt will be carried out separately. The process for gt in (4.20) is imposed to be

stationary. The innovation term εt has mean zero. The dependence can also be modelled

as a fractionally integrated process. We then have

(1− L)d(gt+1 − µ) = β(1− L)d(gt − µ) + αεt, t = 1, . . . , n, (4.21)

where µ = δ/(1− β). The discussion in Section 4.2.1 also applies to the dynamic process

for dependence.
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4.2.4 Dynamic conditional modeling of dependence

We determine the dependence innovation εt in (4.20) or (4.21) as in Creal et al. (2008)

and Section 4.2.2. For the transformed dependence variable g in (4.19), we define ∇t and

It similarly as in (4.7) and (4.10), respectively, but here for the log of the t copula density

(4.17) with respect to g, that is

∇t =
∂ log cT (u1t, u2t|g;κ)

∂g
, It = Et−1[(∇t)

2], (4.22)

where the density dependence of ρ is replaced by g through (4.19). We obtain the score

(see Appendix 4.A.2 for details) as given by

∇t =
ρ̇

(1− ρ2)2

[
(1 + ρ2)

(
πtx1tx2t − ρ

)
− ρ
(
πtx

2
1t + πtx

2
2t − 2

)]
, ρ̇ =

∂ρ

∂g
, (4.23)

where

πt =
κ+ 2

κ+mt

≥ 0 with mt =
1

1− ρ2
(x2

1t + x2
2t − 2ρx1tx2t) ≥ 0. (4.24)

Here, mt is the Mahalanobis distance of the bivariate vector xt = (x1t, x2t)
′ to zero with

respect to its covariance matrix

R =

[
1 ρ

ρ 1

]
,

that generally equals x′tR
−1xt. To complete the model specification, we provide the ex-

pression for expected information. Since the correlation coefficient ρ appears only in the t

density part of the t copula, the score and Fisher information of the correlation parameter

in the t copula density correspond to those from the bivariate t density. The expected

information reads

It =
ρ̇2

(1− ρ2)2

(
1 + ρ2 − 2ρ2

κ+ 2

)
κ+ 2

κ+ 4
. (4.25)

The variable πt in (4.24) can be interpreted as a time-dependent weight assigned to the

(product of) marginals. Outliers or t tail observations (either one or both) making the

Mahalanobis distance mt in (4.24) large are effectively downweighted for a finite value of

degrees of freedom κ. The degree of robustness increases with decreasing κ that reflects

tailness of the t copula density. The time-varying weight (4.24) is bounded from above at

value (κ+ 2) / κ.

This updating scheme for the time-varying correlation based on the bivariate Gaussian

copula density (4.18) yields the score ∇t as in (4.23) but with πt = 1 and it yields the

Fisher information

It = ρ̇2 1 + ρ2

(1− ρ2)2
.



92 Chapter 4.

The model based on the bivariate Gaussian copula density is not robust against outliers

since πt = 1 implies that all observations, including large shocks, contribute to the update

of the time-varying correlation.

Figure 4.2: Inverse of Fisher information for t and Gaussian bivariate copulas
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Figure 4.2 presents the shape of the inverse of the Fisher informations for t and Gaussian

bivariate copula densities. The shape of inverse of the Fisher information depends on the

(time-varying) correlation coefficient ρ. In the case of the t copula density it depends also

on the number of degrees of freedom κ. It is seen that inverse of the Fisher information

attains a small value when the correlation coefficient is close to the admissible boundaries.

For the remainder, we use the square root of the inverse of the Fisher information for the

scaling term of the score for it appears to be slightly preferred to other scaling choices as

we found in the Monte Carlo study. Consequently, we evaluate correlation coefficient at

ρ = ρ̃t through the reverse transformation of (4.19), where we assume that ρ̃t is available as

it is computed in the previous time period. To model long-run dependence of time-varying

correlation, we apply the long memory specification

(1− L)d(g̃t+1 − µ) = β(1− L)d(g̃t − µ) + αε̃t t = 1, . . . , n, (4.26)

where

ε̃t = Ĩ−1/2
t ∇̃t, ∇̃t = ∇t|g=g̃t , Ĩt = It|g=g̃t , (4.27)

with the score and Fisher information defined in (4.23) and (4.25) respectively.

4.2.5 Estimation of models

The common approach to estimate the parameters of the models within the observation-

driven class of models is to directly maximize the associated log-likelihood function. The
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copula approach is computationally convenient as it allows the marginal models be es-

timated separately from their dependence structure. Firstly, we estimate each marginal

series independently considering a univariate volatility specification as discussed in Section

4.2.2. To make the notation clear, we add to subscript an integer i to denote the ith asset,

i = 1, 2. The log-likelihood function of model for marginal based on the t density can be

written as

LT,mi = n

[
log Γ

(
νi + 1

2

)
− log Γ

(νi
2

)
− 1

2
log(π)− 1

2
log(νi − 2)

]
−

n∑
t=1

log(σit)−
νi + 1

2

n∑
t=1

log

(
1 +

y2
it

(νi − 2)σ2
it

)
.

Estimation results of the marginal models provide us with approximate uniform margins

obtained from standardized residuals uit = Tνi(yit/σit). The obtained margins are used

in the second step of the estimation procedure. Assuming the t copula density for the

dependence structure, the log-likelihood is given by

LT = n

[
log Γ

(
κ+ 2

2

)
+ log Γ

(κ
2

)
− 2 log Γ

(
κ+ 1

2

)]
− 1

2

n∑
t=1

log(1− ρ2
t )−

κ+ 2

2

n∑
t=1

log

(
1 +

1

κ(1− ρ2
t )

(
x2

1t + x2
2t − 2ρtx1tx2t

))

+
κ+ 1

2

n∑
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log
(
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)
,

with xit = T−1
κ (uit) and with the updating scheme for ρt as discussed in Section 4.2.4. The

log-likelihood for the bivariate Gaussian copula density (4.18) can be written as

LG = −1

2

n∑
t=1

log(1− ρ2
t )−

1

2

n∑
t=1

(
1

1− ρ2
t

(
x2

1t + x2
2t − 2ρtx1tx2t

)
−
(
x2

1t + x2
2t

))
,

where now xit = Φ−1(uit).

The maximum likelihood estimation for the fractionally integrated class of models re-

quires the truncation of the infinite distributed lags in (4.5). Since, we construct the

fractionally integrated models to capture long memory features in the temporal depen-

dence in the processes for volatility or dependence, we rather not truncate the polynomial

(4.5) at too short lag. Given that financial time series are typically long enough, we follow

Baillie et al. (1996) by estimating models using fixed truncation at lag 1000. We need also

to set initial conditions to start up the recursions. With respect to parameter estimation

for fractionally integrated GARCH models, Bollerslev and Mikkelsen (1996) argue that

initialization has a negligible effect on the parameter estimates when the sample size is
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large enough. They conveniently suggest to put innovation term to zero for the pre-sample

values, while the values of ht and of gt for t = . . . , 0, 1 can be fixed at unconditional

sample moments. We report our simulation and empirical results using similar approach.

The model parameters are collected in the parameter vector ψ and we maximize the log-

likelihood function with respect to ψ. For example, we have ψ = (µ, α, β, κ, d)′ for the long

memory model (4.26) with time-varying correlations and based on the bivariate t copula

density. Maximization is carried out by a quasi-Newton numerical optimization procedure

for which initial values of ψ are determined from a basic grid search.

4.3 Monte Carlo Study

4.3.1 Simulation design

In this part we carry out a Monte Carlo study to investigate the performance of some

competing models for a bivariate conditional dependence under a variety of correlation

dynamics. Design of our Monte Carlo study is similar to the study conducted by Engle

(2002a) and Hafner and Manner (2010). We simulate a series of n = 5000 observations

from the bivariate t copula with κ ∈ {2, 5, 15} degrees of freedom by adopting various

time-varying correlation ρt dynamics. For a decreasing number of the degrees of freedom

κ, the t copula has more extreme realizations which may affect inference on correlation

coefficient if that feature is not explicitly taken into account. Our goal is to contrast

performance of some competing models and we also aim to study the ability of modeling

the long-run dependence based on our modeling framework. The following eight processes

are here considered:

1. Constant ρt = 0.9;

2. Sine ρt = 0.5 + 0.4cos(2πt/1000);

3. Fast Sine ρt = 0.5 + 0.4cos(2πt/100);

4. Step ρt = 0.9− 0.5(t > 2500);

5. Ramp ρt = mod(t/1000);

6. ARMA (1− 0.99L)gt = 0.01 + 0.05ξt;

7. ARFIMA (1− 0.90L)(1− L)0.45(gt − 1) = 0.05ξt;

8. Random Walk (1− L)gt = 0.025ξt;

where ξt ∼ N (0, 1) is stochastic innovation, and where for stochastic processes 6 to 8 we

apply the reverse of the transformation (4.19) to ensure ρt is well defined on its support at

all times. Figures for the deterministic processes 1 to 5 can be found in Engle (2002a). The

considered processes reflect a diversity of dynamics with sudden breaks, smooth changes,

regime type behavior, periods of constancy, different speed of mean-reversion and different

structure of temporal dependence in the underlying dynamics.
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We simulate M = 1000 bivariate series for each of the eight processes for time-varying

correlation. For convenience, we refer to our model presented in Section 4.2.4 to as the

Fractionally Integrated Generalized Autoregressive Score model, or FIGAS, which corre-

sponds to the original paper of Creal et al. (2008). Since the long memory formulation

(4.21) nests conventional short as well as infinite memory models as special cases, we

compare the following (FI)GAS specifications: short memory GAS(1, d ≡ 0, 1), infinite

memory IGAS(β ≡ 0, d ≡ 1, 1), and long memory FIGAS(1, d, 1). To contrast our models,

we benchmark them against the model recently proposed by Dias and Embrechts (2010),

where the update for the transformed correlation gt has the following form

gt+1 = δ + βgt + α sgn(x1t x2t)|x1t x2t|1/2, (4.28)

where sgn(·) is the signum function. Dias and Embrechts (2010) find that their specification

outperforms some other competing models proposed in the literature. The use of the square

root of the product |x1t x2t| dampens some more extreme observations; one could also use

|x1t x2t|λ where λ would be jointly estimated but we do not pursue this idea here. Dias

and Embrechts (2010) refer to the updating scheme (4.28) as to the Fisher(1, 1) dynamics.

For our purpose, we consider also some baseline long memory model,

(1− L)d(gt+1 − µ) = β(1− L)d(gt − µ) + α

(
1

H

H∑
j=1

x1t−j+1x2t−j+1 − ρt
)
, (4.29)

where H = 10 is the smoothing parameter in a similar way as proposed by Patton (2002,

2006). This model specification weights equally all observations and does not exploit

features of the t density. We refer to (4.29) as to the FIBase(1, 1) model.

Given the simulated data, we estimate the models by maximizing the log-likelihood

function as discussed in Section 4.2.5. We next relate estimated correlation ρ̂t to the true

known correlation ρt, and we report two measures of accuracy: the mean absolute error

(MAE) and the mean squared error (MSE),

MAE =
1

n

n∑
t=1

|ρt − ρ̂t| and MSE =
1

n

n∑
t=1

(ρt − ρ̂t)2, (4.30)

that are averaged over the number of repetitions M = 1000.

4.3.2 Simulation results

Table 4.1 presents simulation results. The obtained MAE and MSE statistics are reported

relative to the smallest value within the model specification taken for the true dynamics of

ρt in the data generating process, and the smallest values are presented in bold font. For
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Table 4.1: Simulation results

Constant Sine Fast Sine Step Ramp ARMA ARFIMA Rand Walk

κ = 2

MAE
GAS 1.1193 1.0442 1.0084 1.0000 1.0005 1.0000 1.0043 1.0000
IGAS 1.0000 1.0579 1.1171 1.0983 1.0000 1.0638 1.0487 1.0316

FIGAS 1.0803 1.0000 1.0000 1.1431 1.0143 1.0059 1.0000 1.0154
Fisher 1.3548 1.7411 1.3264 2.2583 1.3220 1.1095 1.1116 1.2402
FIBase 1.9438 2.8418 1.9488 3.3515 2.0036 1.3600 1.5003 2.4370

MSE
GAS 1.0000 1.0785 1.0100 1.0000 1.0000 1.0000 1.0090 1.0000
IGAS 1.1004 1.1147 1.3172 1.0903 1.0760 1.1191 1.0957 1.1103

FIGAS 1.1085 1.0000 1.0000 1.1184 1.0299 1.0109 1.0000 1.0793
Fisher 1.8491 3.2993 1.6754 4.5628 1.7101 1.2492 1.2175 1.5865
FIBase 4.4886 6.5415 3.5528 7.4602 3.5494 3.6131 2.4562 5.0365

κ = 5

MAE
GAS 1.1301 1.0333 1.0081 1.0000 1.0000 1.0000 1.0035 1.0000
IGAS 1.3113 1.0726 1.1373 1.1129 1.0065 1.0794 1.0529 1.0383

FIGAS 1.0000 1.0000 1.0000 1.1252 1.0082 1.0107 1.0000 1.0316
Fisher 1.2891 1.4423 1.2208 1.7350 1.1572 1.0835 1.0920 1.2095
FIBase 1.7225 1.5756 1.4291 1.9037 1.2396 1.1415 1.1444 1.2639

MSE
GAS 1.1737 1.0498 1.0058 1.0000 1.0000 1.0000 1.0062 1.0000
IGAS 1.2648 1.1439 1.3668 1.1110 1.0779 1.1659 1.1123 1.1365

FIGAS 1.0000 1.0000 1.0000 1.1024 1.0263 1.0217 1.0000 1.1269
Fisher 1.4266 1.8976 1.3550 2.3669 1.2916 1.1644 1.1713 1.4932
FIBase 2.0972 2.1497 1.7083 2.5462 1.4179 1.2876 1.2792 1.5864

κ = 15

MAE
GAS 1.3411 1.0313 1.0090 1.0000 1.0000 1.0000 1.0047 1.0000
IGAS 1.1192 1.0755 1.1339 1.1217 1.0004 1.0844 1.0585 1.0445

FIGAS 1.0000 1.0000 1.0000 1.1275 1.0116 1.0054 1.0000 1.0330
Fisher 1.0469 1.4330 1.2312 1.7496 1.1478 1.0858 1.0941 1.2153
FIBase 1.3092 1.5143 1.2148 1.8601 1.2432 1.1232 1.1350 1.2790

MSE
GAS 1.3601 1.0433 1.0046 1.0000 1.0000 1.0000 1.0089 1.0000
IGAS 1.1501 1.1468 1.3714 1.1275 1.0623 1.1816 1.1277 1.1523

FIGAS 1.0000 1.0000 1.0000 1.1147 1.0357 1.0115 1.0000 1.1335
Fisher 1.0890 1.8743 1.3409 2.4567 1.3436 1.1697 1.1778 1.5292
FIBase 1.3769 1.9972 1.3782 2.4635 1.4425 1.2489 1.2588 1.6194

example, for κ = 2 and step specification, the IGAS model appears to outperform other

models.

The results can be summarized as follows. We observe that (FI)GAS models perform

reasonably well and stable regardless of the number of degrees of freedom κ. In contrast,

models (4.28) and (4.29) perform considerably worse when low number of degrees of free-

dom κ = 2 is applied. The t copula with a low number of degrees of freedom is often said to

have a star shape implying occurrence of more extreme realizations, and these may affect

the update of correlation if not being downweighted appropriately. Only when κ is higher,

performance of models (4.28) and (4.29) corresponds closer to the (FI)GAS models. In

general, the short memory GAS specification appears to preferred in the setups when the
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correlation process is subject to either sudden breaks or abrupt changes (step and ramp),

and when the true correlation process is a short memory ARMA process. On the other

hand, the long memory FIGAS specification appears to be preferred when the correlation

process changes smoothly over time (sine and fast sine), and when the true correlation

process is a long memory ARFIMA process. This finding illustrates that the introduction

of fractional integration is effective and it shows that the FIGAS model identifies correctly

long-run dependence in the correlation dynamics. The performance of the (FI)GAS models

does not vary with κ which is a satisfactory result. When the correlation follows a random

walk specification, the GAS performs best with most β estimates being statistically not

different from a unity. It follows from the Table 4.1 that these results in terms of MAE and

MSE measures lead to similar conclusions. The FIGAS formulation is preferred to other

specifications when the temporal dependence in the correlation process has a slow rate of

decay or when the true process changes smoothly over time.

By considering the dynamic t copula when the true generating process is the dynamic

Gaussian copula, the estimation procedure of the (FI)GAS specification for the transformed

correlation often does not converge as the log-likelihood function is increasing with the

number of degrees of freedom κ. Alternatively, when estimating the dynamic Gaussian

copula when the true generating process is based on the dynamic t copula, the estimation

procedure is often unstable as the Gaussian based update for correlation implies πt = 1

in (4.23). It therefore lacks robustness against outlying observations and it can lead to an

almost singular correlation matrix. Similar findings apply to the dynamics of (4.28) and

(4.29). These insights may prove helpful in dealing with parameter estimation for empirical

models.

4.4 Empirical Illustrations

4.4.1 Data and proxies for latent processes

The data we analyze includes some four Dow Jones Industrial Average components: Ameri-

can Express (NYSE ticker symbol: AXP), General Electric (GE), The Coca-Cola Company

(KO) and Procter & Gamble (PG). We use the tick data on consolidated trades extracted

from the Trade and Quote (TAQ) database through the Wharton Research Data Services

(WRDS) system. The data is taken from the NYSE core trading session between the

hours of 9:30am to 4:00pm Eastern Time. The sample period runs from January 4, 1993

to May 28, 2010 with a total of n = 4385 trading days for all four equities. We carried

out the cleaning procedures on the raw trade data applying the methodology discussed

by Barndorff-Nielsen et al. (2009). We put all data to the calendar time sampling using

the previous tick method and by aggregating records with the same second precision time-

stamp into one observation using the median price; see Hansen and Lunde (2006). Our
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study considers modeling of daily returns that we define as the difference between the log-

arithm of the close and the logarithm of the open price. Price increments sampled at the

5 minute time intervals are used to compute realized measures which serve to benchmark

our models. At 5 minute sampling frequency the impact of microstructure noise is benign

and can be ignored in our practical application. To be consistent with the definition of

daily returns, we skip the overnight returns in the computations of realized measures.

The availability of intraday high-frequency data facilitates computation of the realized

measures like realized volatility or covariance. Following Andersen and Bollerslev (1998a)

we use realized measures as proxies for true latent processes, so that we can further evaluate

the model-based volatilities and correlations across different models. For our purpose, we

use the threshold realized volatility proposed by Mancini (2009) defined as

TRV k
N =

N∑
i=1

(∆Xk
ti

)21{(∆Xk
ti

)2≤rN}, ∆Xti = Xti −Xti−1
, (4.31)

where Xk
ti

denotes the log price of asset k at the observation time ti, i = 0, . . . , N ; here

N = 78 denotes the number of intraday returns sampled at the 5min frequency; function

1{(∆Xk
ti

)2≤rN} takes value one if (∆Xk
ti

)2 ≤ rN and zero else, where rN denotes the threshold

function such that rN = N−0.99 following the suggestion of Mancini (2009). The idea behind

the threshold estimator (4.31) is built on the statistical properties of the Brownian motion

whose variation is proportional to the time step N−1/2. A price increment whose variation

is larger than that of the Brownian variation might contain a jump component, thus the

use of the threshold function rN makes effectively jumps be discarded from the estimation.

The threshold realized correlation between assets k and l proposed by Mancini and Gobbi

(2010) is defined as

TRCorrk,lN =

∑N
i=1 ∆Xk

ti
1{(∆Xk

ti
)2≤rN}∆X

l
ti
1{(∆Xl

ti
)2≤rN}√∑N

i=1(∆Xk
ti)

21{(∆Xk
ti

)2≤rN}
∑N

i=1(∆X l
ti)

21{(∆Xl
ti

)2≤rN}

. (4.32)

The threshold estimators measure variation attributable to the continuous part of the

price process. Their use as proxies for latent processes might provide a further insight into

performance of models under study in the context of the sensitivity to some possible jumps

and/or outliers in the equity data. Without truncation classical realized volatility (RV )

and realized correlation (RCorr) measures are retrieved as introduced by Andersen et al.

(2001) and Barndorff-Nielsen and Shephard (2002). We compute the threshold realized

variance and threshold realized correlation for each day in our sample and the equities

considered.
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4.4.2 Conditional volatility of returns on equity

In the first part of our empirical illustration we perform a comparative study by fitting

some competing models to the marginals as discussed in Section 4.2.2. In addition, within

each particular model we consider both short as well as long memory specification. As

a benchmark framework, we select the well-known (FIE)GARCH class of models and we

consider the following eight formulations: GARCH, FIGARCH, EGARCH, FIEGARCH,

GAS, FIGAS, GAS+L(everage) and FIGAS+L(everage). All models are assumed to have

the most parsimonious specification; see the note at the bottom of Table 4.B.I for their

detailed description.

Table 4.B.I presents parameter estimates and associated standard errors. As a starting

point, we provide the estimates of the fractional order of integration d of the (threshold) re-

alized volatility using the log-periodogram regression method of Geweke and Porter-Hudak

(1983), or the so-called GPH estimate. It is seen from the two most left columns that esti-

mates are in between 0 and 1 suggesting that all financial volatilities have long range de-

pendence and are fractionally integrated processes; see also Maasoumi and McAleer (2008)

for more discussion. The persistence of the volatility processes can be also inferred from the

estimates of the autoregressive coefficient β, or in the case of the GARCH model from α+β,

that are in the range 0.9918(0.0027) ≤ β̂ ≤ 0.9969(0.0018) for the short memory models

under study. Most of the empirical studies based on the ARCH family of models have

found the volatility process to be highly persistent and possibly not covariance-stationary,

see Xekalaki and Degiannakis (2010). It is also often found that volatility appears to in-

crease proportionally more for negative than for positive shocks. The (FI)EGARCH and

(FI)GAS+L models are designed to accommodate for such asymmetric relation, and it

is seen that estimates of γ are statistically different than zero at the conventional levels

suggesting the importance of the leverage effect for all four equities. The estimates of ν

are in the range 7.4017(0.7273) ≤ ν̂ ≤ 12.3729(1.8834) and the confidence intervals cover

some common part of the parameter space.

The short memory models seem too restrictive in view of the GPH estimates, thus we

report also parameter estimates for the long memory alternatives. It can be seen that for

all four equities and for all four models estimates of d are statistically different from both

zero and one at the conventional significance levels and are in the range 0.4392(0.0294) ≤
d̂ ≤ 0.7427(0.0395). This finding implies that innovations have a long-run effect on the

future volatility. The AIC and SIC criteria suggest that in most cases the volatility is

best described by the non-stationary but mean-reverting fractionally integrated process.

The obtained results conform with the findings of Baillie et al. (1996) and Bollerslev and

Mikkelsen (1996) who applied FI(E)GARCH modeling tools. Within the models, the

degree of long memory in volatilities is similar for all four equities which corresponds to

the findings of Pafka and Mátyás (2001) and Conrad et al. (2010).
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Figure 4.3: Conditional volatility of returns on the PG equity

TRV 
GARCH 
FIGARCH 
EGARCH 
FIEGARCH 
GAS 
FIGAS 
GAS+L 
FIGAS+L 

1995 2000 2005 2010

1

2

3

4
i)

15

30

45

60

%
TRV 
GARCH 
FIGARCH 
EGARCH 
FIEGARCH 
GAS 
FIGAS 
GAS+L 
FIGAS+L 

1 2 3 4

1

2

3

4

ii)   FIGAS+L x FIGARCH

1 2 3 4

1

2

3

4 iii)  FIGAS+L x FIEGARCH

1 2 3 4

1

2

3

4 iv)   FIGAS+L x FIGAS

Figure 4.3 gives model-based volatilities, to be specific we plot σt and
√
TRVt. Panel

i) presents model-based volatilities plotted along with the threshold realized volatility

over the sample period for the PG equity. It is seen that the realized measure is much

more jagged than the model-based volatilities, though in general similar dynamics can be

recognized. The time series of estimated volatilities indicate volatile and tranquil periods

with the average annualized volatility (right scale) of around 25%. Panels ii) to iv) present

FIGAS+L volatility plotted against other three long memory models under study. A

substantial difference is visible when contrasting the FIGAS+L and FIGARCH volatillities,

while the model-based volatilities from the FIGAS+L, FIGAS and FIEGARCH models are

rather similar. However, there are noteworthy differences around considerable movements

in the equity prices.

One such case study is illustrated in Figure 4.4. On July 23, 2004 the daily return

on the PG equity was around -6.5% as seen in panel i-a) with the open price 55.97$

and the close price 52.49$ as seen in panel ii). This daily price increment was much

larger (in absolute terms) than in the adjacent days, see panel i). Having high-frequency

intraday data we observe that after the first trade, the rest of transactions over a course
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Figure 4.4: Case study for the PG equity
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of this day was recorded at much lower price level of around 52.50$-53.00$, see panel ii)

of Figure 4.4. Consequently, the first computed intraday return and daily return are both

substantially large and we see in panel iii) it has a noticeable influence on the estimated

volatilities. Firstly, we perceive a substantial divergence between RV and TRV on this

particular day. Secondly, the model-based volatilties rise instantly and we observe that it

takes some time to return to the previous level (and to TRV ) after being hit by this rather

extreme innovation, which is more evident in the FI(E)GARCH models than in the FIGAS

alternative. The FIGAS updating scheme downweights this extreme observation via the

weight ωt as defined in (4.9), and the resulting volatility estimate remains more robust; see

panel i-b) of Figure 4.4. The volatility dynamics in the FIGAS+L specification is designed

to respond proportionally more to negative shocks than the baseline FIGAS specification,

therefore we note a higher impact. However, the FIGAS+L volatility remains more robust

than the FI(E)GARCH volatilities.

We conclude the first part of our empirical study by commenting on the last two columns

of Table 4.B.I that relate the model-based volatilities to high-frequency realized measures

using the MAE statistics. We find that the FIGAS+L model for financial volatility for
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these equities appears to be preferred when judged by this criteria.

4.4.3 Conditional dependence between returns on equities

In the second part of our empirical study we consider modeling of dependence structure as

discussed in Section 4.2.4. Using the estimates of individual volatilities, we transform the

standardized returns into uniform variables using the probability integral transform. We

estimate a set of competing models for each possible pair within the four equities under

consideration.

Table 4.B.II presents maximum likelihood parameter estimates and associated stan-

dard errors. We estimate the short as well as long memory models for dependence for

the bivariate Gaussian and t copula densities. For a preliminary insight, we provide the

GPH estimates of the fractional order of integration d of the (threshold) realized corre-

lation. The obtained GPH estimates are near 0.5 value and they hint at long memory

features in the correlation processes, likewise in covariance process. We observe also that

the GPH estimates for realized correlations are slightly smaller than the GPH estimates of

realized volatilities, but still the realized correlations appear to be fractionally integrated

processes. Within the model-based framework, the persistence of the correlation processes

can be inferred from the estimates of the autoregressive coefficient β that are in the range

0.9037(0.0322) ≤ β̂ ≤ 0.9969(0.0025) for the short memory models. The value of the lower

bound of the range of β estimates for correlations is smaller than in the case of volatilities,

which might suggest that the degree of memory in these processes may differ. The corre-

lation process is found generally to be persistent and this finding is in accordance with the

previous studies based on other short memory specifications. The empirical results of Dias

and Embrechts (2010) indicate that high persistence of dependence process in dynamic

copulas is a common feature at different (reasonable) sampling frequencies of financial re-

turns. Hafner and Manner (2010) report that in some copulas a dependence process is even

more likely to be an integrated process rather than stationary as the persistence parameter

in their short memory specification attains the upper bound of the admissible parameter

space for stationary processes.

To obtain greater flexibility we allow for a fractional order of integration and report

estimation results for the FIGAS based long memory specification. The estimates of the

fractional order of integration d are in the range −0.0053(0.0184) ≤ d̂ ≤ 0.7138(0.0768) in

case of the FIGAS model. In four pairs we find evidence of long range dependence in the

correlation dynamics as judged by the maximum likelihood estimates of fractional order of

integration being different from zero at the conventional levels; similar findings arise from

the estimates of d in the FIBase model as defined in (4.29). In case of the pair AXP/GE

the estimate of d being statistically different from 0.5 suggests that the dependence might

not be covariance-stationary but still mean-reverting process. In two pairs AXP/GE and
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GE/KO the degrees of memory (as judged by estimates of d) in volatilities and correlation

processes appear to be comparable, while in other four pairs the degree of memory in the

correlation process is lower than in the volatility processes. Our result for equities question

the approach of Pafka and Mátyás (2001) who impose a common degree of long memory

parameter for volatilities and covariances in their trivariate FIGARCH model for some

three exchange rates series. The last two columns of Table 4.B.II relate the model-based

and realized correlations using the MAE statistics. We observe that the dynamic t copula

performs better than the dynamic Gaussian copula. Finally, we find that the long memory

FIGAS model based on the bivariate t copula appears to be preferred when judged by the

MAE criteria.

Figure 4.5: Conditional dependence between returns on GE and KO equities

TRCorr 
Fisher_G 
Fisher_t 

1995 2000 2005 2010

−0.4

0.0

0.4

0.8 i) TRCorr 
Fisher_G 
Fisher_t 

TRCorr 
GAS_G 
GAS_t 

1995 2000 2005 2010

−0.4

0.0

0.4

0.8 ii) TRCorr 
GAS_G 
GAS_t 

TRCorr 
FIGAS_G 
FIGAS_t 

1995 2000 2005 2010

−0.4

0.0

0.4

0.8 iii) TRCorr 
FIGAS_G 
FIGAS_t 

Fisher_t 
GAS_t 
FIGAS_t 

1995 2000 2005 2010
0.0

0.1

0.2

0.3
iv) λU Fisher_t 

GAS_t 
FIGAS_t 

Note: Dotted line is the estimate of ρ in the static bivariate t copula.

Figure 4.5 presents the time-varying correlations plotted along with the threshold re-

alized correlation for one pair of equities. The realized correlation is much more jagged

than the model-based correlations. The GE/KO dependence oscilattes around the value

obtained from the static copula (long-run mean) without any significant breaks. The t

copula density generalizes the Gaussian copula density by allowing for non-zero depen-

dence in the tails of the distribution. Both parameters of the t copula, i.e. correlation ρ
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and the degrees of freedom η, determine the tail dependence. Since the t copula density is

symmetric the upper and lower tail dependence are equal,

λL = λU = 2tη+1

(
−
√
η + 1

√
1− ρ√
1 + ρ

)
∈ [0, 1]. (4.33)

Panel iv) of Figure 4.5 presents the implied time-varying tail dependence. It appears that

the highest dependence between extreme events for this pair was around 1997-1998.

Figure 4.6: Case study for the GE/KO equities

GE daily returns, September−November 2004 
KO daily returns 

−5.0

−2.5

0.0

2.5 i−a)

Sep. 08, 2004

GE daily returns, September−November 2004 
KO daily returns 

2004−09−07 2004−09−08 2004−09−09 2004−09−10
33.00

33.25

33.50

33.75

34.00 ii)   GE intraday price level Sep. 07−09, 2004

9:30:00 16:00:00

TRCorr 
Gas_G 

RCorr 
Gas_t 

Fisher_G 
Figas_G 

Fisher_t 
Figas_t 

2004−8−158−22 9−5 9−19 10−3 10−17 10−31 11−14 11−28

0.00

0.25

0.50

0.75

iii)  Correlations,  September−November 2004

TRCorr 
Gas_G 

RCorr 
Gas_t 

Fisher_G 
Figas_G 

Fisher_t 
Figas_t 

2004−09−07 2004−09−08 2004−09−09 2004−09−10

43

44

45

46
iv)   KO intraday price level Sep. 07−09, 2004

9:30:00 16:00:00

2004−8−158−22 9−5 9−19 10−3 10−17 10−31 11−14 11−28

0.5

1.0

1.5
i−b) Time−varying weight πt over September−November 2004

The resulting model-based correlations are somewhat similar as seen in panels i)-iii)

of Figure 4.5. However, the models behave noticeably different when some more extreme

observations happen to occur in the sample. One such example is illustrated in Figure 4.6

for the GE/KO pair. Panel i-a) of Figure 4.6 indicates that on September 8, 2004 the daily

return on the GE equity was quite positive, while return on the KO equity was substantially

negative, around -4.5%. To provide some further insight, panels ii) and iv) present intraday

price level (sampled at the 5min frequency) for three days and it is seen that on September

8 the two equity prices clearly go in the opposite directions. This occurence has its effect on
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the resulting model-based correlations as seen in panel iii). The correlations soar sharply

downwards and afterwards they return slowly to the previous level. It is seen in panel i-b)

that (FI)GAS models based on t copula ((FI)GAS-t) adapt the correlation update via πt as

defined in (4.24) for more extreme observations and consequently the estimates are more

robust than corresponding models based on the Gaussian copula. In particular, the future

values of the (FI)GAS based Gaussian correlations appear to be too heavily affected by

the occurence of somewhat more extreme return realizations.

4.5 Summary and Conclusions

We have proposed new fractionally integrated formulation for the purpose of modeling long

memory dynamics in volatility and dependence. The introduced models add some flexi-

bility in modeling short and long range dependence as they allow innovations to dissipate

at slow hyperbolic rate. The allowance for a long lasting impact of innovations for future

values calls however forth a treatment of possible outliers or extreme observations in the

empirical data. Since conditional heavy tails and dependence between extreme events are

both relevant features of financial data, our modeling of the joint distribution is based on

the copula approach. The model for marginals is based on the heavy-tailed t density, while

the model for dependence is based on the bivariate t copula density. Dynamics for volatility

and dependence are constructed using the scores of the t density. In consequence, inno-

vations are pre-multiplied with time-dependent weights which downweight more extreme

observations making the updating schemes be more robust. We have illustrated in the

empirical applications that the robustness property is the key distinguishing feature of our

modeling framework relative to some other competing alternatives, both when modeling

volatility and dependence. We have found that the degree of long memory in volatilities is

rather similar across equities, while the degree of long memory in correlations across equity

pairs may be substantially different and different than the degree of long memory in the

volatilities. We have evaluated our models using high-frequency realized measures, and we

have found them performing well when compared to some other competing models.
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4.A Appendix

4.A.1 Autocorrelation function

Let ht process denote time-varying parameter of interest modeled via the general long

memory formulation (4.4) as given by

B(L)(1− L)d(ht+1 − µ) = A(L)ηt, (4A.1)

where ηt is martingale difference assumed to be mean zero and with time-invariant finite

variance σ2
η and where polynomials B(L)

B(L) = 1− β1L− β2L
2 − . . .− βpLp, (4A.2)

A(L) = α0 + α1L+ α2L
2 + . . .+ αq−1L

q−1. (4A.3)

The algorithm for the computation of the variance-autocovariance function of the general

ARFIMA process is derived by Sowell (1992), and it can be adapted for the process (4A.1).

Let the autoregressive polynomial B(L) be written by using its roots as follows

B(L) =

p∏
j=1

(1− β̃jL). (4A.4)

The autocovariance function of (4A.1) is given by

γk = σ2
η

q−1∑
i=−q+1

p∑
j=1

ϕiζjG(d, p+ i− k, β̃j), (4A.5)

where

ϕi =

q−1∑
h=|i|

αhαh−i, ζj =

[
β̃j

p∏
i=1

(1− β̃iβ̃j)
p∏

m6=j

(β̃j − β̃m)

]−1

, (4A.6)

with ϕ0 = α2
0; function G is defined as

G(d, h, β̃) =
Γ(1− 2d)

Γ(1− d)Γ(d)

Γ(d+ h)

Γ(1− d+ h)

[
β̃ 2pH(d+ h, 1, 1− d+ h, β̃)

+H(d− h, 1, 1− d− h, β̃)− 1

]
,

(4A.7)

where H(a, b, c, x) denotes the hypergeometric function

H(a, b, c, x) =
∞∑
i=0

(a)i(b)i
(c)i

xi

i!
, (4A.8)
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and (a)i, likewise (b)i and (c)i, denotes the Pochhammer’s symbol (a)i =
∏i−1

j=0(a+ j) with

(a)0 = 1, such that (4A.8) can be written as

H(a, b, c, x) = 1 +
a b

c
x+

a(a+ 1) b(b+ 1)

c(c+ 1)

x2

2
+ . . . . (4A.9)

Using (4A.5) the autocorrelation at lag k, i.e. γk/γ0, is thus given by

ck =
Γ(d+ p+ i− k)

Γ(d+ p+ i)

Γ(1− d+ p+ i)

Γ(1− d+ p+ i+ k)

×

{∑q−1
i=−q+1

∑p
j=1 ϕiζjG(d, p+ i− k, β̃j)∑q−1

i=−q+1

∑p
j=1 ϕiζjG(d, p+ i, β̃j)

}
,

(4A.10)

and does not depend on σ2
η.

4.A.2 t density

The density of the central multivariate t density (see Johnson and Kotz (1972)) is given

by,

p(y|µ,Σ, ϑ) =
Γ(ϑ+k

2
)

Γ(ϑ
2
)(πϑ)k/2|Σ|1/2

[
1 + ϑ−1(y − µ)′Σ−1(y − µ)

]−ϑ+k
2

, (4A.11)

where y = [y1, . . . , yk]
′ is k dimensional random variable, µ is k × 1 location vector, Σ is

k × k positive semi-definite scale matrix, ϑ > 0 is the number of degrees of freedom, and

Γ() is the Gamma function. For simplicity, we set µ = 0. We are interested in score and

expected information of the log density of (4A.11) with respect to ϕ where Σ = Σ(ϕ).

Proposition 3. Let l(ϕ, ϑ) = log p(y|µ,Σ, ϑ). The score and expected information are

given by:

∂l(ϕ, ϑ)

∂ϕ
= −1

2
tr

(
Σ−1∂Σ

∂ϕ

)
+

1

2
Ω y′Σ−1 ∂Σ

∂ϕ
Σ−1 y, (4A.12)

E
[(

∂l(ϕ, ϑ)

∂ϕ

)2]
=

ϑ+ k

2(ϑ+ k + 2)
tr

(
Σ−1∂Σ

∂ϕ
Σ−1∂Σ

∂ϕ

)
− 1

2(ϑ+ k + 2)
tr

(
Σ−1∂Σ

∂ϕ

)
tr

(
Σ−1∂Σ

∂ϕ

)
, (4A.13)

where Ω = ϑ+k
ϑ+y′Σ−1y

.

Proof: See Lange et al. (1989).
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Case 1: We consider the case of Section 4.2.2. Let ϕ = h ∈ R and let ϑ−1Σ = σ2/(ν − 2),

and σ2 = exph > 0, ν > 2, such that we consider variance rather than scale parameter.

The results of (4.8) and (4.9) follow then immediately from Proposition 3.

Case 2: We consider the case of Section 4.2.4. Before we state the main result, we

briefly summarize copula functions. A k-dimensional copula C(u1, . . . , uk) is a multivari-

ate distribution function in the unit hypercube [0, 1]k with uniform ui ∼ U(0, 1) marginal

distributions, and i = 1, . . . , k. It can be shown, Sklar’s theorem, that every joint distri-

bution, F (x1, . . . , xk), whose univariate marginals are given by F1(x1), . . . , Fk(xk) can be

written as

F (x1, . . . , xk) = C
(
F1(x1), . . . , Fk(xk)

)
, (4A.14)

for a function C that is called a copula of F . If the marginal distributions are continuous,

then there is a unique copula associated to the joint distribution F that is obtained as

follows

C(u1, . . . , uk) = F
(
F−1

1 (u1), . . . , F−1
k (uk)

)
, (4A.15)

where F−1
i is the inverse cumulative distribution function of the ith marginal. Given a k-

dimensional copula and k univariate marginal distributions, the density function of (4A.14)

is given by

f(x1, . . . , xk) = c
(
F1(x1), . . . , Fk(xk)

) k∏
i=1

fi(xi), (4A.16)

and consequently the copula density reads

c
(
F1(x1), . . . , Fk(xk)

)
=
f(x1, . . . , xk)∏k

i=1 fi(xi)
. (4A.17)

It follows from (4A.17) that dependence structure in the copula density appears in the

multivariate f density. The implication is that the score and expected information of

the correlation matrix in the t copula density correspond to those from the multivariate t

density.

In particular, let ϕ = g, ϑ = κ, k = 2, and let

Σ =

(
1 ρ

ρ 1

)
, (4A.18)

with ρ = exp(g)−1
exp(g)+1

∈ (−1, 1), and g ∈ R. The results of (4.23) and (4.25) follow by applying

these definitions to the expressions in Proposition 3.

4.B Maximum likelihood estimation results
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Table 4.B.I: Maximum likelihood estimates for conditional volatility of daily returns on equities

Equity dRV dTRV Model θ δ α γ β ν d AIC SIC MAERV MAETRV

AXP 0.5492 0.5428 GARCH 0.0421 0.0143 0.0619 - 0.9341 9.6123 - 16970.70 17002.63 1.0000 1.0000
(0.0284) (0.0284) (0.0205) (0.0047) (0.0082) (0.0088) (1.2037)

FIGARCH 0.0464 - 0.2499 - 0.7479 10.3376 0.5947 16996.78 17028.71 1.0188 1.0215
(0.0203) (0.0336) (0.0432) (1.2239) (0.0561)

EGARCH 0.0215 0.0073 0.1343 -0.0448 0.9931 9.5393 - 16944.38 16982.70 0.9571 0.9528
(0.0201) (0.0027) (0.0166) (0.0087) (0.0020) (1.2744)

FIEGARCH 0.0495 - 0.1874 -0.0666 0.3328 9.4107 0.6917 16945.88 16984.20 0.9667 0.9552
(0.0170) (0.0304) (0.0153) (0.1328) (1.1688) (0.0311)

GAS 0.0397 0.0057 0.0759 - 0.9941 9.3464 - 16961.62 16993.54 0.9862 0.9844
(0.0204) (0.0026) (0.0091) (0.0021) (1.1745)

FIGAS 0.0417 - 0.0968 - 0.3904 9.5363 0.6993 16965.03 16996.96 0.9894 0.9783
(0.0202) (0.0175) (0.1414) (1.2135) (0.0339)

GAS+L 0.0355 0.0032 0.0373 0.0593 0.9952 9.4181 - 16942.19 16980.50 0.9508 0.9549
(0.0020) (0.0022) (0.0105) (0.0128) (0.0018) (1.1886)

FIGAS+L 0.0468 - 0.0556 0.0881 0.2967 9.6400 0.7029 16941.17 16979.48 0.9522 0.9459
(0.0182) (0.0147) (0.0236) (0.1589) (1.2368) (0.0325)

GE 0.5358 0.5076 GARCH 0.0025 0.0094 0.0530 - 0.9420 10.2927 - 15132.64 15164.57 1.0000 1.0000
(0.0284) (0.0284) (0.0171) (0.0033) (0.0079) (0.0086) (1.2672)

FIGARCH 0.0057 - 0.3132 - 0.7436 11.4195 0.5444 15158.66 15190.59 1.0363 1.0486
(0.0170) (0.0372) (0.0390) (1.3823) (0.0480)

EGARCH -0.0096 0.0035 0.1232 -0.0455 0.9929 10.7233 - 15096.23 15134.54 0.9805 0.9814
(0.0170) (0.0020) (0.0164) (0.0085) (0.0021) (1.4663)

FIEGARCH 0.0060 - 0.2163 -0.0740 0.1215 11.9301 0.7078 15077.14 15115.46 0.9767 0.9780
(0.0145) (0.0327) (0.0162) (0.1568) (1.7936) (0.0370)

GAS 0.0014 0.0021 0.0651 - 0.9952 10.2605 - 15127.21 15159.13 0.9906 0.9799
(0.0171) (0.0019) (0.0088) (0.0021) (1.3151)

FIGAS 0.0027 - 0.1108 - 0.0742 11.7506 0.7427 15103.16 15135.09 0.9832 0.9695
(0.0170) (0.0174) (0.1677) (1.7217) (0.0395)

GAS+L 0.0009 0.0028 0.0429 0.0457 0.9935 10.7694 - 15115.61 15153.93 0.9740 0.9651
(0.0171) (0.0020) (0.0095) (0.0130) (0.0023) (1.4401)

FIGAS+L 0.0077 - 0.0752 0.0683 0.1439 12.3729 0.7126 15093.18 15131.49 0.9660 0.9565
(0.0161) (0.0165) (0.0214) (0.1574) (1.8834) (0.0401)

Note: Standard error between parentheses. d(T)RV denotes the estimate of the fractional difference parameter for the (T)RV measure based on log-periodogram regression

method of Geweke and Porter-Hudak (1983). The GPH statistic was estimated at T 3/4 following Maynard and Phillips (2001). AIC stands for Akaike Information

Criterion and SIC stands for Schwarz (or Bayesian) Information Criterion. MAE(T)RV stands for the mean of the absolute errors between the model-based volatility

process and (threshold) realized volatility. MAE statistics are related to the GARCH model.
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Table 4.B.I: (Continued)

Equity dRV dTRV Model θ δ α γ β ν d AIC SIC MAERV MAETRV

KO 0.5480 0.5271 GARCH 0.0452 0.0038 0.0379 - 0.9603 7.4960 - 13841.91 13873.84 1.0000 1.0000
(0.0284) (0.0284) (0.0150) (0.0017) (0.0060) (0.0064) (0.7261)

FIGARCH 0.0464 - 0.3038 - 0.7848 8.2196 0.5086 13835.42 13867.35 0.9973 0.9969
(0.0149) (0.0371) (0.0376) (0.7529) (0.0466)

EGARCH 0.0349 0.0018 0.0983 -0.0253 0.9953 7.4173 - 13825.43 13863.74 0.9712 0.9694
(0.0149) (0.0012) (0.0136) (0.0068) (0.0018) (0.7686)

FIEGARCH 0.0398 - 0.1510 -0.0383 0.3433 7.6511 0.6958 13817.07 13855.38 0.9784 0.9746
(0.0139) (0.0330) (0.0128) (0.1766) (0.7860) (0.0456)

GAS 0.0428 0.0016 0.0544 - 0.9957 7.6291 - 13835.79 13867.72 0.9750 0.9724
(0.0149) (0.0011) (0.0080) (0.0018) (0.7911)

FIGAS 0.0427 - 0.0726 - 0.4278 7.8584 0.7054 13829.63 13861.56 0.9855 0.9821
(0.0149) (0.0195) (0.1996) (0.8339) (0.0519)

GAS+L 0.0333 0.0004 0.0206 0.0543 0.9969 8.0062 - 13813.58 13851.89 0.9676 0.9661
(0.0143) (0.0009) (0.0080) (0.0109) (0.0014) (0.8643)

FIGAS+L 0.0357 - 0.0363 0.0856 0.3237 8.2752 0.7003 13805.18 13843.49 0.9632 0.9597
(0.0132) (0.0129) (0.0245) (0.1787) (0.9216) (0.0436)

PG 0.4807 0.5102 GARCH 0.0945 0.0080 0.0499 - 0.9463 7.4017 - 13804.39 13836.32 1.0000 1.0000
(0.0284) (0.0284) (0.0151) (0.0029) (0.0080) (0.0087) (0.7273)

FIGARCH 0.0842 - 0.4001 - 0.7122 8.3683 0.4392 13856.10 13888.03 1.0499 1.0526
(0.0147) (0.0311) (0.0321) (0.7381) (0.0294)

EGARCH 0.0858 0.0027 0.1255 -0.0290 0.9918 7.5312 - 13790.76 13829.08 0.9610 0.9564
(0.0175) (0.0017) (0.0159) (0.0089) (0.0027) (0.7777)

FIEGARCH 0.0902 - 0.1925 -0.0470 0.4065 7.9230 0.6121 13781.02 13819.34 0.9546 0.9477
(0.0142) (0.0341) (0.0146) (0.1484) (0.8234) (0.0442)

GAS 0.0958 0.0028 0.0691 - 0.9924 7.7077 - 13795.94 13827.87 0.9621 0.9570
(0.0151) (0.0016) (0.0094) (0.0027) (0.7918)

FIGAS 0.0959 - 0.1048 - 0.3711 8.1353 0.6368 13790.22 13822.16 0.9599 0.9522
(0.0150) (0.0211) (0.1752) (0.8705) (0.0475)

GAS+L 0.0900 0.0006 0.0478 0.0458 0.9922 7.7707 - 13787.20 13825.52 0.9533 0.9483
(0.0150) (0.0017) (0.0100) (0.0145) (0.0026) (0.8011)

FIGAS+L 0.0890 - 0.0795 0.0649 0.3461 8.2252 0.6319 13780.84 13819.16 0.9396 0.9325
(0.0149) (0.0174) (0.0229) (0.1595) (0.8955) (0.0466)

It is assumed that yt = θ + σtzt, where zt is idd variable that has t distribution with ν degrees of freedom as in (4.1). Models for conditional volatility are in their most

parsimonious versions: GARCH: σ2
t+1 = δ+αy2

t +βσ2
t ; FIGARCH: σ2

t+1 = δ+βσ2
t +
[
1−βL− (1−αL)(1−L)d

]
y2
t+1; EGARCH: ht+1 = δ+f(zt)+βht with ht = log σ2

t

and with f(zt) = γzt + α[|zt| − E|zt|] and E|zt| =
√
ν−2Γ((ν+1)/2)

(ν−1)
√
πΓ(ν/2)

; FIEGARCH: (1 − βL)(ht+1 − µ) = (1 − L)−df(zt); GAS: ht+1 = δ + αηt + βht with ηt defined in

(4.8); FIGAS: (1− βL)(ht+1 − µ) = α(1− L)−dηt; GAS+L: ht+1 = δ + f(ηt) + βht with f(ηt) =
[
α+ γ 1{yt<0}

]
ηt where 1{yt<0} denotes the indicator function taking

value one when yt < 0 and zero else. FIGAS+L: (1− βL)(ht+1 − µ) = (1− L)−df(ηt). We do not report estimates of µ as it is not identified when d ≥ 1/2.
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Table 4.B.II: Maximum likelihood estimates for conditional dependence between daily returns on equities

Pair dRCorr dTRCorr Model δ/µ α β d κ AIC SIC MAERCorr MAETRCorr

AXP/GE 0.5044 0.4974 Fisher-G 0.0074 0.0488 0.9803 - - -1220.05 -1200.89 1.0000 1.0000
(0.0284) (0.0284) (0.0029) (0.0116) (0.0052)

GAS-G 0.0038 0.0356 0.9964 - - -1217.33 -1198.17 0.9721 0.9650
(0.0029) (0.0081) (0.0024)

FIBase-G 1.0262 0.0306 0.5882 0.5461 - -1224.87 -1201.21 0.9711 0.9666
(0.1523) (0.0432) (0.5371) (0.0728)

FIGAS-G 0.9501 0.0447 0.4080 0.7138 - -1221.64 -1196.10 0.9464 0.9413
(0.1964) (0.0275) (0.3840) (0.0768)

Fisher-t 0.0055 0.0446 0.9820 - 9.9418 -1253.73 -1228.19 0.9897 0.9902
(0.0026) (0.0110) (0.0050) (1.8900)

GAS-t 0.0032 0.0377 0.9969 - 9.8904 -1248.64 -1223.09 0.9553 0.9508
(0.0029) (0.0094) (0.0025) (1.9109)

FIBase-t 1.0596 0.0367 0.5558 0.5856 8.4947 -1231.26 -1199.33 0.9507 0.9456
(0.1448) (0.0425) (0.5597) (0.0725) (1.2691)

FIGAS-t 0.9548 0.0738 0.2514 0.7109 9.9692 -1252.60 -1220.67 0.9371 0.9345
(0.2091) (0.0297) (0.3337) (0.0741) (1.9385)

AXP/KO 0.4455 0.4407 Fisher-G 0.0053 0.0446 0.9814 - - -465.66 -446.51 1.0000 1.0000
(0.0284) (0.0284) (0.0022) (0.0105) (0.0048)

GAS-G 0.0033 0.0260 0.9951 - - -449.43 -430.27 0.9751 0.9642
(0.0020) (0.0066) (0.0027)

FIBase-G 1.3636 0.0779 0.9978 -0.1548 - -456.99 -431.45 0.9847 0.9847
(0.4436) (0.0381) (0.0019) (0.1322)

FIGAS-G 0.7444 0.0291 0.9970 -0.0533 - -448.77 -423.22 0.9982 0.9881
(0.1036) (0.0182) (0.0035) (0.1836)

Fisher-t 0.0044 0.0345 0.9840 - 8.0571 -501.56 -476.02 0.9786 0.9776
(0.0021) (0.0091) (0.0046) (1.4356)

GAS-t 0.0028 0.0273 0.9957 - 7.4992 -494.06 -468.52 0.9562 0.9450
(0.0020) (0.0078) (0.0027) (1.2479)

FIBase-t 0.8951 0.0446 0.9975 -0.2496 8.7724 -489.95 -458.02 1.0834 1.0753
(0.1362) (0.0289) (0.0023) (0.1696) (1.6325)

FIGAS-t 0.7264 0.0247 0.9953 0.0185 7.4793 -493.07 -461.14 0.9788 0.9686
(0.1233) (0.0174) (0.0049) (0.2127) (1.2314)

Note: Standard error between parentheses. d(T)RCorr denotes the estimate of the fractional difference parameter for the (T)RCorr measure based on log-periodogram

regression method of Geweke and Porter-Hudak (1983). AIC stands for Akaike Information Criterion and SIC stands for Schwarz (or Bayesian) Information Criterion.

MAE(T)RCorr stands for the mean of the absolute errors between the model-based correlation process and (threshold) realized correlation. Suffixes G and t stand for

Gaussian and t copula respectively. The Fisher dynamics for correlation has the form as in (4.28); the FIBase model is given in (4.29). Details of GAS and FIGAS models

are discussed in Section 4.2.4.
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Table 4.B.II: (Continued)

Pair dRCorr dTRCorr Model δ/µ α β d κ AIC SIC MAERCorr MAETRCorr

AXP/PG 0.3931 0.3805 Fisher-G 0.0019 0.0222 0.9919 - - -496.68 -477.52 1.0000 1.0000
(0.0284) (0.0284) (0.0010) (0.0052) (0.0021)

GAS-G 0.0759 0.0894 0.9037 - - -481.05 -461.89 1.0769 1.0648
(0.0261) (0.0193) (0.0322)

FIBase-G 1.0220 0.1785 0.5490 0.2380 - -472.28 -446.74 1.0258 1.0184
(0.1210) (0.0868) (0.2542) (0.1074)

FIGAS-G 0.7700 0.0713 0.6175 0.4557 - -492.29 -466.75 1.0177 1.0073
(0.0927) (0.0201) (0.1566) (0.1171)

Fisher-t 0.0019 0.0183 0.9923 - 9.3959 -526.31 -500.77 0.9897 0.9886
(0.0011) (0.0050) (0.0023) (1.8759)

GAS-t 0.0615 0.0897 0.9208 - 8.8568 -516.86 -491.32 1.0504 1.0373
(0.0282) (0.0238) (0.0356) (1.6507)

FIBase-t 0.8474 0.1211 0.4293 0.3012 8.6891 -507.94 -475.97 1.0913 1.0820
(0.0814) (0.0707) (0.3497) (0.1167) (1.5909)

FIGAS-t 0.7536 0.0679 0.5654 0.5285 8.9630 -527.97 -496.04 0.9923 0.9807
(0.1188) (0.0250) (0.2178) (0.1402) (1.6783)

GE/KO 0.4403 0.4623 Fisher-G 0.0050 0.0343 0.9853 - - -753.75 -734.59 1.0000 1.0000
(0.0284) (0.0284) (0.0023) (0.0086) (0.0042)

GAS-G 0.0031 0.0227 0.9964 - - -755.65 -736.49 0.9981 0.9907
(0.0019) (0.0053) (0.0019)

FIBase-G 1.2045 0.2136 0.2200 0.3179 - -722.27 -696.79 1.0058 1.0041
(0.1165) (0.1211) (0.3983) (0.0965)

FIGAS-G 0.8169 0.0573 0.3507 0.6526 - -747.06 -721.51 0.9981 0.9895
(0.1399) (0.0274) (0.3559) (0.0852)

Fisher-t 0.0051 0.0311 0.9852 - 8.1738 -799.50 -773.96 1.0001 1.0005
(0.0025) (0.0086) (0.0046) (1.3605)

GAS-t 0.0035 0.0271 0.9959 - 8.1836 -802.58 -777.04 0.9928 0.9851
(0.0025) (0.0076) (0.0026) (1.3525)

FIBase-t 0.9471 0.2029 0.0551 0.2983 7.9604 -772.76 -740.83 1.0722 1.0664
(0.0677) (0.0972) (0.4744) (0.0902) (1.2430)

FIGAS-t 0.8045 0.0617 0.4051 0.6524 8.0842 -797.67 -765.74 0.9925 0.9841
(0.1635) (0.0328) (0.3799) (0.0976) (1.3093)
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Table 4.B.II: (Continued)

Pair dRCorr dTRCorr Model δ/µ α β d κ AIC SIC MAERCorr MAETRCorr

GE/PG 0.4461 0.4343 Fisher-G 0.0061 0.0398 0.9823 - - -718.40 -699.24 1.0000 1.0000
(0.0284) (0.0284) (0.0030) (0.0103) (0.0054)

GAS-G 0.0045 0.0227 0.9950 - - -712.12 -692.96 1.0049 0.9968
(0.0024) (0.0057) (0.0026)

FIBase-G 1.3024 0.1721 0.2647 0.3847 - -694.18 -668.64 0.9954 0.9937
(0.1463) (0.1997) (0.8444) (0.0906)

FIGAS-G 0.9033 0.0983 0.3971 0.4602 - -714.14 -688.59 1.0289 1.0208
(0.0872) (0.0274) (0.2106) (0.0884)

Fisher-t 0.0073 0.0332 0.9820 - 6.8425 -787.20 -761.65 1.0128 1.0128
(0.0041) (0.0110) (0.0072) (0.9548)

GAS-t 0.0048 0.0266 0.9948 - 6.7104 -787.18 -761.64 1.0150 1.0085
(0.0032) (0.0081) (0.0034) (0.9055)

FIBase-t 0.9489 0.1655 0.0380 0.3105 6.6049 -771.99 -740.04 1.0651 1.0588
(0.0693) (0.0916) (0.4948) (0.0831) (0.8665)

FIGAS-t 0.9175 0.1420 0.2642 0.4609 6.6904 -793.50 -761.57 1.0423 1.0349
(0.1018) (0.0374) (0.2356) (0.0909) (0.8855)

KO/PG 0.3937 0.4060 Fisher-G 0.0109 0.0412 0.9798 - - -897.53 -878.37 1.0000 1.0000
(0.0284) (0.0284) (0.0061) (0.0137) (0.0085)

GAS-G 0.0237 0.0499 0.9780 - - -906.37 -887.21 1.0042 1.0005
(0.0093) (0.0110) (0.0085)

FIBase-G 1.4021 0.1501 0.4085 0.2910 - -872.77 -847.23 0.9931 0.9927
(0.1260) (0.1287) (0.5020) (0.0821)

FIGAS-G 1.0901 0.0434 0.9699 0.0779 - -905.64 -880.10 1.0091 1.0056
(0.0648) (0.0183) (0.0293) (0.2317)

Fisher-t 0.0138 0.0479 0.9739 - 7.1059 -957.83 -932.29 0.9934 0.9935
(0.0075) (0.0149) (0.0103) (1.0506)

GAS-t 0.0305 0.0659 0.9715 - 7.5000 -961.99 -936.45 0.9959 0.9920
(0.0122) (0.0147) (0.0111) (1.1656)

FIBase-t 1.2367 0.0444 0.9967 0.0554 7.6501 -955.85 -923.88 1.0805 1.0793
(0.1046) (0.0232) (0.0021) (0.0961) (1.1422)

FIGAS-t 1.0744 0.0519 0.9449 0.1727 7.4838 -961.45 -929.52 0.9943 0.9904
(0.0793) (0.0181) (0.0447) (0.2067) (1.1564)





Chapter 5

Modeling daily covariance: A joint

framework for low and

high-frequency based measures

Abstract: This chapter develops a novel approach for the joint modeling of daily financial

returns and daily realized covariance. We make distributional assumptions about returns

and realized covariance where both distributions depend on the latent covariance matrix.

The key novelty is the dynamic specification for modeling covariance matrix based on a

combination of past realized measures of daily covariance matrices and past outer-products

of daily returns. Consequently, the model for daily covariance makes use of both low and

high-frequency data. We show that in our model specification each individual innovation

driving the covariance matrix exploits full likelihood information. Each model formulation

allows for cross-asset effects with the consequence that the number of parameters can be

kept low in high dimensions. We apply our novel approach to a NYSE equity dataset, and

we show that our model outperforms some alternative frameworks.

5.1 Introduction

The estimation of covariance matrices of financial assets has been traditionally based on

daily financial returns using multivariate versions of the well-known generalized autoregres-

sive conditional heteroskedasticity (GARCH) models or stochastic volatility (SV) models.

Both models consider time-varying second moment of the return data, where the updates

for covariance parameters are specified as autoregressive moving average processes which

imply persistence properties for variances and covariances. The GARCH and SV models

differ in the way the innovations to time-varying covariance parameters are defined. While



116 Chapter 5.

in the SV models covariance parameters are driven by stochastic innovations, then in the

GARCH models dynamics of covariance parameters is determined by the outer-product of

lagged returns. A wide range of both multivariate GARCH and SV models have been de-

veloped and applied extensively to empirical data in the recent years. For a comprehensive

overview of multivariate GARCH models, we refer to Bauwens, Laurent, and Rombouts

(2006) and Silvennoinen and Teräsvirta (2009). A review of multivariate SV models is

provided by Asai, McAleer, and Yu (2006).

The main shortcoming of traditional GARCH and SV models is that they make use of

price observations recorded at daily intervals to infer about the current level of volatilities

and covariances of assets. Given the increasing availability of high-frequency intraday

data, the use of only low-frequency daily data appears to be suboptimal. One important

consequence is that models based on daily data do not adapt quickly enough to changes

in volatilities which is key to track the financial risk in a timely manner; see Andersen,

Bollerslev, Diebold, and Labys (2003) for more discussion. For this reason, various attempts

have been made to integrate the high-frequency intraday data into the measuring and

modeling financial volatility. For instance, the information from high-frequency data can

be incorporated by adding it in the form of an explanatory variable to the GARCH or

SV volatility dynamics; see Engle (2002b) and Koopman, Jungbacker, and Hol (2005) for

GARCH and SV approaches respectively.

With the advent of high-frequency data, one can estimate ex-post daily variation of

a single asset price changes with the so-called realized volatility measures; see Andersen

and Bollerslev (1998a), Andersen, Bollerslev, Diebold, and Labys (2001) and Barndorff-

Nielsen and Shephard (2002). Inherent to high-frequency data is the microstructure noise

(bid-ask bounce, price discreteness etc.) which leads to bias. A number of related quan-

tities have been developed to restore consistency; see Aı̈t-Sahalia, Mykland, and Zhang

(2005), Barndorff-Nielsen, Hansen, Lunde, and Shephard (2008), Jacod, Li, Mykland,

Podolskij, and Vetter (2009b), and references therein. In the case of multiple assets,

the high-frequency realized measures of covariance of assets have been also proposed; see

Malliavin and Mancino (2002), Hayashi and Yoshida (2005), Christensen, Kinnebrock, and

Podolskij (2010), Barndorff-Nielsen, Hansen, Lunde, and Shephard (2011), Griffin and

Oomen (2011), and references therein.

Computation of realized measures from high-frequency data permits the use of more

standard time series techniques for modeling and forecasting financial volatility. Ander-

sen et al. (2001) have explored the use of the autoregressive model to analyze the time

series of realized volatilities. They have found considerable improvements in the volatil-

ity forecasts over more standard GARCH models. Recently, some new promising models

have been proposed that rely on time series of realized measures. Gourieroux, Jasiak, and

Sufana (2009) have proposed the (non-central) Wishart autoregressive model for realized

covariance matrix. Asai and So (2010) and Golosnoy, Gribisch, and Liesenfeld (2010) have
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proposed alternative dynamic formulation for covariance parameters with the underlying

Wishart density. Chiriac and Voev (2011) and Bauer and Vorkink (2011) have proposed

models for the realized covariances using appropriate transformations to ensure positive

definiteness of the covariance matrix. In this chapter, we rely also on the Wishart density,

while the novelty concerns our formulation for covariance which combines information from

daily as well as intradaily price observations.

An approach that combines possibly several measures of volatility based on low- and

high-frequency data is developed by Engle and Gallo (2006). They model jointly close-

to-close returns, range and realized variance with their multiplicative error model (MEM)

where each measure has its own dynamics for the update of volatility augmented with

lagged values of other two measures. They show that the combination of these three mea-

sures of volatility can bring gains when making medium-run volatility forecasts. Shephard

and Sheppard (2010) propose a model for close-to-close returns and realized kernel with

GARCH specification for two latent variance processes and show that their model quickly

adapts to changes in the level of the volatility process. Hansen, Huang, and Shek (2011)

propose the realized GARCH model where daily returns and ex-post measure of daily vari-

ation are both linked to the latent volatility. They classify their model as complete since

variation in returns and realized volatility are jointly modeled.

This chapter contributes to the recent developments in the joint modeling of returns

and realized measures. We consider modeling of the covariance matrix of financial assets.

Our aim is to provide dynamics for the latent daily covariance matrix by taking advantage

of both low and high-frequency data. To highlight the idea more in detail, we propose

a specification for the latent covariance matrix as a function of past high-frequency real-

ized measures of daily covariance matrices and past outer-products of daily vector returns.

Both realized measure and outer-product of daily returns contain a noisy signal about

the current covariance parameters. We adopt the generalized autoregressive score (GAS)

framework of Creal, Koopman, and Lucas (2010) to model jointly daily returns and the

multivariate realized kernel of asset prices proposed by Barndorff-Nielsen, Hansen, Lunde,

and Shephard (2011). Within the GAS modeling framework, we need to impose distribu-

tional assumptions for the vector of daily returns as well as for the multivariate realized

kernel. In this chapter we assume a multivariate normal density for returns and a Wishart

density for the multivariate realized kernel. Both distributions depend on a latent covari-

ance matrix. The resulting novel model relies on a dynamic specification for the covariance

matrix that is driven by the scaled score of the log-likelihood function. The score is shown

to be a combination of the outer-product of daily returns and the realized kernel. The re-

alized measure receives most weight by construction, and this weight is associated with the

number of degrees of freedom in the Wishart distribution. Indeed, realized kernel is a more

accurate measure of the latent covariance given that it exploits intraday high-frequency

data of assets.
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The key distinguishing feature of our model specification is that each innovation driving

the covariance matrix exploits full likelihood information. We demonstrate that even a

simplified scalar specification allows for a complex interdependence between all variances

and covariances such that each one-step ahead prediction is driven by own as well as

cross-asset effects. This feature distinguishes our model from a low frequency GARCH

model driven by outer-product of daily returns, but also from the high-frequency HEAVY

model driven by the realized covariance. Both models require full parametrization to

allow for cross-asset effects. Our model is parsimonious which is a convenient property for

multivariate volatility models.

The remainder of this chapter is organized as follows. In Section 2 we review high-

frequency based measurement of covariance matrix of assets. Section 3 sets out the notation

and assumptions. In this section we introduce the score-based model for daily covariance.

In Section 4, we conduct simulations to study to the likelihood-based estimation. Section

5 presents the results of our empirical analysis for a set of NYSE equities, while Section

6 concludes this chapter. The proofs of the main results in this chapter are given in the

Appendix.

5.2 Measuring Covariation

We study a k-dimensional log price process Y (τ) =
(
Y 1(τ), Y 2(τ), . . . , Y k(τ)

)
, where Y i(τ)

denotes time τ logarithmic price of asset i, and τ ∈ [0, 1]. The price observations are

assumed to be observed at discrete times that for asset i are denoted as τ
(i)
0 , τ

(i)
1 , . . ..

Hence, the price observations of asset i at the observation times are given by Y i(τ ij) for

j = 0, 1, . . . , N i(1), where N i(τ) counts the number of price observations for the ith asset

up to time τ . The observed price observations Y are assumed be driven by the latent

efficient prices X and microstructure noise U . The efficient price process X is further

assumed to be given by the Brownian semimartingale,

Xτ =

∫ τ

0

µsds+

∫ τ

0

σsdWs, (5.1)

where µτ is a vector of elements which are predictable locally bounded drifts, στ is a cadlag

volatility matrix process and Wτ is a vector of independent Brownian motions.

The ex-post covariation over the [0, 1] interval is defined as

[X]1 =

∫ 1

0

Στ dτ, with Στ = στσ
′
τ . (5.2)

where

[X]1 = plim
n→∞

n∑
j=1

(Xτj −Xτj−1
) (Xτj −Xτj−1

)′, (5.3)
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is quadratic variation for any sequence of synchronized partitions 0 = τ0 < . . . < τn = 1

with τj − τj−1 → 0 or n→∞.

5.2.1 Covariance estimation in a frictionless market

First, for simplicity, we consider the case where there is no microstructure noise imply-

ing Y = X. The primary concern in covariation estimation is synchronization of price

observations. Here, we focus on the standard previous-tick method which ensures that

returns are measured over a common time grid in calendar time; see Hansen and Lunde

(2006). In this method, each sampling point for each asset is determined by the most

recently observed price. In this way, we can easily construct n synchronized vector returns

yτj = Yτj − Yτj−1
for j = 1, . . . , n. The covariation (5.2) can be estimated consistently by

the realized covariance given by

RC1(Y ) =
n∑
j=1

yτjy
′
τj
. (5.4)

The use of the previous-tick method facilitates synchronization of the data, but it does

not eliminate the non-trading problem. The non-synchronous trading has been found to

bias the covariance measures towards zero, and this phenomenon is often referred to as

the Epps effect; see Epps (1979). Consequently, the realized covariances computed from

returns measured over short time periods underestimate the degree of dependence between

assets; see Griffin and Oomen (2011) for more discussion.

To alleviate the possible underestimation of covariance, we make use of subsampling.

The idea of subsampling for construction of realized volatilities was suggested by Aı̈t-

Sahalia et al. (2005). The motivation behind subsampling is that we do not rather sample

too frequently to mitigate noise and to avoid non-trading bias, but we still want to use

all data. In principle, we can jitter the initial point q-second adjacent intervals over n

observations per day in q different ways resulting in q series of returns

Yτq − Yτ0 , Yτ2q − Yτq , . . . ,
Yτq+1 − Yτ1 , Yτ2q+1 − Yτq+1 , . . . ,

and so on. The resulting subsampling estimator is defined as the average of q realized

covariances obtained as in (5.4). We will use the subsampled realized covariance to evaluate

our model in the empirical illustration.

5.2.2 Covariance estimation robust to microstructure noise

To estimate the covariation consistently in the presence of microstructure noise implying

Y 6= X, we apply the multivariate realized kernel proposed by Barndorff-Nielsen et al.
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(2011), which is the first estimator to simultaneously address microstructure noise and

non-synchronous trading while guaranteeing consistency and positive semi-definiteness.

Market microstructure effects are modeled through an additive noise component as

Y i(τ ij) = X i(τ ij) + U i(τ ij), (5.5)

where U i(τ ij) is covariance stationary and satisfies E[U i(τ ij)] = 0. The market microstruc-

ture effects can be time dependent and correlated with efficients innovations, see Barndorff-

Nielsen et al. (2011) for more discussion.

To estimate the covariation, one needs to regularize the observation times. Barndorff-

Nielsen et al. (2011) propose to synchronize the data by the so-called refresh time sampling

(rts). Once all assets have been traded, the most recent prices are used to form the refresh

timescale. In particular, the first refresh time is given by

τ rts1 = max
(
τ 1

1 , τ
2
1 , . . . , τ

k
1

)
, (5.6)

and the subsequent refresh times are given by

τ rtsj+1 = max
(
τ 1
N1(τrtsj )+1, τ

2
N2(τrtsj )+1, . . . , τ

k
Nk(τrtsj )+1

)
. (5.7)

The asymptotic theory of kernel estimator dictates that we need to average m prices at

the very beginning and end of the day to obtain a consistent estimator. We follow the

suggestion of Barndorff-Nielsen et al. (2011) and set m = 2 implying that the first (last)

price is the average of the first (last) two rts prices. The resulting number of rts price

observations is denoted by nrts. To gauge the potential loss of the data due to refresh time

sampling, we follow Barndorff-Nielsen et al. (2011) by computing statistics

p =
knrts∑k
i=1N

i(1)
, (5.8)

which measures the ratio of the size of the retained data due to synchronization over the

original size of the database. In principle, the loss of the data is larger, the less liquid

the assets are. In our empirical application we provide statistics (5.8) for k ∈ {2, 5, 15}.
Having synchronized high-frequency price observations and having dealt with end effects,

we compute a vector of returns yτrtsj
= Yτrtsj

− Yτrtsj−1
for j = 1, . . . , nrts. We next construct

the positive semi-definite multivariate realized kernel defined as

RK1(Y ) =
H∑

h=−H

g

(
h

H + 1

)
Ωh, (5.9)

where the weight function g is given by the Parzen kernel function,

g(x) =


1− 6x2 + 6x3 for 0 ≤ x ≤ 1/2

2(1− x)3 for 1/2 ≤ x ≤ 1

0 for x > 1

, (5.10)
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and where Ωh is the hth realized autocovariance matrix,

Ωh =
nrts∑
j=h+1

yτrtsj
y′τrtsj−h

, for h ≥ 0, (5.11)

and Ωh = Ω′h for h < 0, see Barndorff-Nielsen et al. (2011). The choice of the single

bandwidth parameter H is here based on the average of individual bandwidths given by

H i = cξ
4/5
i (nrts)3/5, where c = 3.5134, ξi = $2

i /
√
IQi denotes the noise-to-signal ratio,

$2
i is microstructure noise variance, and IQi is the integrated quarticity measure. In our

empirical implementation, we follow Barndorff-Nielsen et al. (2009) and estimate

$̂2
i =

RV i
dense

2N̄ i(1)
and IQi =

(
RV i

sparse

)2
, (5.12)

where N̄ i(1) counts the number of non-zero returns used to compute RV i
dense with RV i

dense

denoting the realized variance estimated with data sampled every qth trade; here q = 25

which suffices to mitigate noise effects; RV i
sparse denotes the subsampled realized variance

based on 20 minute returns. Since q = 25, then by jittering the starting point we ob-

tain 25 distinct measures of variance of microstructure noise which we average to get the

subsampled version. The integrated quarticity is here approximated by the square of inte-

grated variance whose estimation is more accurate. The global bandwidth is simply set to

H = k−1
∑k

i=1 H
i; for some other possible choices, see Barndorff-Nielsen et al. (2011).

5.3 Score-based Modeling

Having computed the series of daily realized kernels, we turn our attention to modeling

the covariance matrix of a set of financial assets. Our modeling approach focuses on the

joint modeling of daily returns and daily realized covariances with the aim to develop a

model formulation for covariance matrix which exploits both low and high-frequency data.

We start with matrix notations and modeling assumptions. We then describe the details

of modeling strategy and we provide details of our model.

5.3.1 Matrix notation and definitions

To develop our results in this chapter, we adopt the following matrix notation and defini-

tions. For convenience, we restrict general results to square matrices as these are used in

this article. If A is a k × k matrix and B is a k × k matrix, then the Kronecker product

denoted by A ⊗ B is the k2 × k2 block matrix. The vec(A) operator stacks the columns

of matrix A into k2 × 1 column vector, while vech(A) stacks the the lower triangular part

including diagonal into k∗ × 1 column vector, with k∗ = k(k + 1)/2. The unit matrix of
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size k is denoted as Ik. The commutation matrix Kk is the k2 × k2 matrix which, for any

k × k matrix A, transforms vec(A) into vec(A′) such that

Kk vec(A) = vec(A′). (5.13)

The duplication matrix Dk of dimension k2×k∗ and the elimination matrix Lk of dimension

k∗ × k2 are defined as

Dk vech(A) = vec(A) and Lk vec(A) = vech(A) (5.14)

for a symmetric k × k matrix A and with Lk = (D′kDk)
−1D′k being the Moore-Penrose

inverse of the duplication matrix Dk. If a k×k matrix B is lower triangular, then duplica-

tion matrix Dk of dimension k2 × k∗ and the elimination matrix L k of dimension k∗ × k2

are defined as

Dk vech(B) = vec(B) and L k vec(B) = vech(B), (5.15)

with D ′k Dk = Ik∗ and L k = D ′k. The difference between Lk and L k arises because vec(B)

contains zeros; more results and properties can be found in Magnus and Neudecker (1988)

and Seber (2007).

5.3.2 Modeling assumptions

Let rt ∈ Rk denote vector of daily (demeaned) returns for k assets and let the RKt ∈ Rk×k

denote the covariance matrix of k assets on day t, with t = 1, . . . , T . Let Ft−1 be the sigma

field generated by the past values of daily returns and covariances. We assume

rt|Ft−1 ∼ Nk(0, Pt), (5.16)

RKt|Ft−1 ∼ Wk(ν, Vt/ν), (5.17)

where Nk denotes k-variate normal distribution here with mean zero and symmetric posi-

tive definite covariance matrix Pt, and where Wk denotes the k-variate standard Wishart

distribution with symmetric positive definite scale matrix Vt and where ν is the number

of degrees of freedom, with ν ≥ k. We further assume that Pt and Vt are both measur-

able with respect to Ft−1. Note that distributional assumption (5.16) implies that outer

product of daily returns is distributed as

rtr
′
t ∼ Wk(1, Pt), (5.18)

which is singular Wishart distribution with 1 degree of freedom, see Srivastava (2003),

as by construction matrix rtr
′
t has rank one. If rt is the vector of close-to-close returns,

then Pt measures overnight variation along with intraday variation, while Vt measures the
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intraday variation. If rt is the vector of open-to-close returns, then both Pt and Vt measure

the variation over a particular trading day.1

The measurement equations are given by

rt = P
1/2
t εt, (5.19)

RKt = V
1/2
t ηtV

1/2
t , (5.20)

where X
1/2
t denotes the square root matrix of Xt; the innovations are assumed to be iid

distributed as

εt ∼ Nk(0, Ik), (5.21)

ηt ∼ Wk(ν, Ik/ν). (5.22)

Note that εt is vector-valued while ηt is matrix-valued random variable. It is natural to

assume that variation of conditional variance of realized returns and of conditional mean

of realized covariance share the same source. For this reason, we impose the following

structure,

Pt = Λ1/2VtΛ
1/2, (5.23)

where we assume Λ1/2 is k×k diagonal matrix with λii = λi > 0, i = 1, . . . , k. In principle,

we could propose two separate models for Pt and Vt and link them through the lagged values

of one each other in a similar way as in the ARMA like models with additional exogenous

variables. This modeling strategy is used by Noureldin et al. (2011) who proposed the

HEAVY model. This approach would imply explicit modeling of two latent matrix-variate

variables Pt and Vt. Instead, we aim to provide a single updating equation for Vt which

will contain all relevant information for making predictions, while Pt is simply related to

Vt. We expect that when rt is a vector of close-to-close returns the individual elements of

Λ1/2 should be larger than one which allows to capture overnight variation.

Our set of distributional assumptions implies the following,

E[rtr
′
t|Ft−1] = Λ1/2VtΛ

1/2 (5.24)

E[RKt|Ft−1] = Vt, (5.25)

and

Var[vec(rtr
′
t)|Ft−1] = (Ik2 +Kk)

(
Λ1/2 ⊗ Λ1/2

)(
Vt ⊗ Vt

)(
Λ1/2 ⊗ Λ1/2

)
,(5.26)

Var[vec(Λ−1/2rtr
′
tΛ
−1/2)|Ft−1] = (Ik2 +Kk)

(
Vt ⊗ Vt

)
, (5.27)

Var[vec(RKt)|Ft−1] = ν−1(Ik2 +Kk)
(
Vt ⊗ Vt

)
. (5.28)

1It is rather standard to exclude the overnight return when computing realized measures, while modeling

of daily returns is based on both open-to-close and close-to-close returns.
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The results of (5.26) and (5.28) follow directly from Magnus and Neudecker (1979). Note

that the result in (5.24) corresponds to conditional second moment, while the results in

(5.26) and (5.27) correspond to conditional fourth moment (kurtosis) of returns, possibly

adapted for overnight variation. It is also worth noting that conditional second moment

of realized covariance (5.28) provides model-implied volatilities-of-volatilities and volatility

spillover effects.

5.3.3 Modeling strategy

The two measurement equations (5.19) and (5.20) originate from two different distributions,

however they both depend on the same unobserved covariance matrix. We denote the

observation densities of daily returns and daily covariances as given by

rt ∼ pr(rt|ft,Ft−1;ψ), (5.29)

RKt ∼ pRK(RKt|ft,Ft−1;ψ), (5.30)

for t = 1, . . . , T , and where ft is a vector of latent time-varying parameters linked to covari-

ance matrix at time t, Ft is the information set containing all observations (both returns

and realized covariances) up to time t, and ψ is a vector of static unknown parameters. In

particular, our observations densities are given by (5.16) and (5.17) for returns and realized

covariances, respectively, and both distributions are assumed to be driven by a common

covariance matrix Vt. The vector ft is of dimension k∗ and contains unique elements of

Cholesky factors of covariance matrix Vt. We assume that innovations to returns and re-

alized covariances are independent conditional on ft and on the information set Ft−1. The

log-likelihood then reads

L =
T∑
t=1

(
log pr(rt|ft,Ft−1;ψ) + log pRK(RKt|ft,Ft−1;ψ)

)
. (5.31)

Our assumption rules out the possibility of leverage effect in the sense that innovations to

returns and volatilities are not allowed to be negatively correlated at time t, i.e. E[εitηjt] =

0, for any i, j in (5.19) and (5.20). However, any asymmetric effects can be introduced

when specifying updating equation for latent ft as we discuss below.

The dynamics of ft is modeled as the vector autoregressive moving average process,

ft+1 = ω +

p∑
i=1

Bift−i+1 +

q∑
j=1

Ajst−j+1, (5.32)

where st is a mean-zero and finite variance martingale difference sequence, ω is an k∗ × 1

vector of constants, Bj and Ai are k∗ × k∗ matrices with coefficients. The parameters

ω, B1, . . . , Bp, A1, . . . , Aq and some possible density specific unknown parameters are all
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collected in the static parameter vector ψ. The initial value f0 is fixed at the unconditional

mean of the stationary process ft. The specification (5.32) can be extended to incorporate

some exogenous variables and/or other functions of lagged endogenous variables.

Our modeling approach follows Creal et al. (2010) by setting the innovation st equal to

the scaled score of the local log-likelihood with respect to the parameters of interest ft. In

particular, the score vector takes an additive form given by

∇t =
∂ log pr(rt|ft,Ft−1;ψ)

∂ft
+
∂ log pRK(RKt|ft,Ft−1;ψ)

∂ft
= ∇r,t +∇RK,t, (5.33)

which corresponds to the sum of individual scores. The scaling term is based on the

(function of) expected information matrix given similarly by an additive form,

It = E[∇r,t∇′r,t|Ft−1] + E[∇RK,t∇′RK,t|Ft−1]. (5.34)

The innovation term is now defined as

st = I−1/2
t ∇t, (5.35)

such that E[st|Ft−1] = 0 and E[sts
′
t|Ft−1] = Ik∗ . In this approach, the one-step ahead pre-

diction of latent parameters ft is based on the scaled score that exploits the full likelihood

function at time t. Equations (5.29), (5.30), (5.32) and (5.35) formulate the Generalized

Autoregressive Score model for the time-varying parameter vector ft with orders p and q

abbreviated as GAS(p, q). We select the square root of the inverse of expected information

matrix to scale the score; for other possible choices see Creal et al. (2010). This choice

implies that variance of the innovation term st is time invariant, but importantly it appears

to provide the most stable model formulation in terms of model estimation.

5.3.4 The main result

Given the measurement equations (5.19) and (5.20) for realized return vector and realized

covariance matrix respectively, we can formulate the GAS-based specification for unob-

served covariance matrix Vt. The log-likelihood at time t reads

Lt = L1,t + L2,t, (5.36)

where

L1,t = d(k)− 1

2
log |Λ1/2VtΛ

1/2| − 1

2
tr
(
(Λ1/2VtΛ

1/2)−1rtr
′
t

)
(5.37)

L2,t = d(k, ν) +
ν − k − 1

2
log |RKt| −

ν

2
log |Vt| −

ν

2
tr
(
V −1
t RKt

)
, (5.38)

where d(k) = −k
2

log (2π) and d(k, ν) = νk
2

log (ν)− νk
2

log (2)− log
(
Γk
(
ν
2

) )
, and where Γk

denotes the multivariate Gamma function such that Γk
(
ν
2

)
= π

k(k−1)
4

∏k
i=1 Γ

(
ν
2

+ (1− i)/2
)
.
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To ensure positive definiteness of the covariance matrix, we need to consider some

appropriate decomposition, for example Cholesky decomposition,

Vt = CtC
′
t, (5.39)

where Ct is lower triangular matrix with unique Cholesky factors. It follows from (5.39) that

it suffices to specify a model for lower triangular part of Ct, thus our vector of parameters

to be modelled is defined as

ft = vech(Ct), (5.40)

which results in a k∗ × 1 vector with k∗ = k(k + 1)/2. To operate the updating equa-

tion (5.32), we need the score vector and expected information matrix that we obtain as

described in Section 5.3.3.

Proposition 4. For the measurements densities (5.16) and (5.17), and for the decompo-

sition (5.39), the score vector of dimension k∗ × 1 is given by

∇t =
1

2
V̇ ′tD

′
k

(
V −1
t ⊗V −1

t

)(
ν
[
vec(RKt)−vec(Vt)

]
+
[
vec(Λ−1/2rtr

′
tΛ
−1/2)−vec(Vt)

])
, (5.41)

where V̇t = Lk(Ik2 +Kk)(Ct ⊗ Ik) L ′
k.

Proof, see Appendix 5.A.1.

It follows from (5.24) and (5.25) that E[∇t|Ft−1] = 0 when evaluated at true parameter

values implying that ∇t forms martingale sequence. The expression for the score in Propo-

sition 4 indicates that when making one-step ahead prediction from Vt to Vt+1, information

from the deviations of RKt from the its mean Vt (which is Ft−1 measurable) is ν times

more relevant that information from deviations of rtr
′
t from Vt (correcting for overnight

variation Λ if rt is vector of close-to-close returns). This model feature is pertinent as the

outer-product of daily returns contains only a weak signal about the current covariance

of assets as it does not exploit intraday information. It follows from Proposition 4 that

GAS-based derivation of the model is not invariant to the decomposition applied to the

covariance matrix Vt to ensure positive definiteness. The dependence enters through the

term V̇t which is unique for a selected decomposition. Note that V̇t collects the first order

derivatives of the full covariance matrix Vt with respect to the dynamic factors ft.

Proposition 5. For the measurements densities (5.16) and (5.17), and for the decompo-

sition (5.39), the Fisher information matrix of dimension k∗ × k∗ is given by

It = E[∇t∇′t|Ft−1] =
1 + ν

4
V̇ ′tD

′
k

(
V −1
t ⊗ V −1

t

)(
Ik2 +Kk

)
DkV̇t. (5.42)

Proof, see Appendix 5.A.1.
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The square root of the inverse of the conditional information matrix may be used to scale

the score vector, such that E[sts
′
t|Ft−1] = Ik∗ with st defined in (5.35). This scaling turns

convenient as most of the well-known results and properties of the vector ARMA can be

directly applied to (5.32) to obtain, for instance, conditions for stationarity or unconditional

moments. However, scaling (5.35) implies the need to invert the Fisher information matrix

It whose dimension grows at rate proportional to O(k2). This step is therefore the most

computationally demanding.

The key distinguishing feature of our model specification is that each element of the

innovation vector st exploits the full likelihood information. This feature turns relevant

when avoiding the curse of dimensionality as we may consider diagonal specification defined

through Bi = diag(βi1, . . . , β
i
k∗) and Aj = diag(αj1, . . . , α

j
k∗) or even a simple scalar version

defined through Bi = βiIk∗ and Aj = αjIk∗ in (5.32). In either case, the model dynamics

allows for a complex interdependence between all variances and covariances such that the

one-step update from Vt to Vt+1 is driven by own as well as cross-asset effects. This feature

is GAS specific and distinguishes our model from low frequency standard GARCH model

driven by outer-product of daily returns rtr
′
t and from the high frequency HEAVY model

driven by realized measure, RKt say, as both models require full parametrization to allow

for cross-asset effects. Our model specification creates therefore some potential for reducing

the number of static parameters to be estimated having still relatively rich relationships.

5.4 Simulation study

In this section, we provide simulation evidence on the statistical properties of the maximum

likelihood estimation method for the model proposed in the previous section. We study

estimation performance for varying sample size T and for varying dimension k. We start by

discussing the estimation of static parameters in the model using the method of maximum

likelihood. We then describe design of the Monte Carlo study and we discuss the simulation

results.

5.4.1 Estimation

Given a set of T realizations of daily returns and covariance matrices of dimension k, the

log-likelihood function is given by

L =
T∑
t=1

(
L1,t + L2,t

)
, (5.43)

where L1,t and L2,t are given in (5.37) and (5.38), respectively and where time-variation of

Vt is determined by the recursion (5.32), decomposition (5.39) and parametrization (5.40).
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The general GAS(p, q) recursion is parameterized with a finite-dimensional parameter vec-

tor defined by

ψ =
[
ω′, vec(B1)′, . . . , vec(Bp)

′, vec(A1)′, . . . , vec(Aq)
′, ν, (λ1, . . . , λk)

]′
, (5.44)

which results in (p+ q)(k(k+ 1)/2)2 +k(k+ 1)/2 +k+ 1 static parameters to be estimated

and is of order O(k4). The recursion (5.32) needs to be initialized and it is natural to set

s0 = 0 and f0 either to the unconditional first moment estimated from the data or it can

be added to the vector of parameters ψ to be jointly estimated. For given parameter values

ψ, the log-likelihood function can be evaluated in a straightforward way. In practice, ψ is

unknown and estimation of all parameters is carried out by numerically maximizing (5.43)

with respect to ψ. Maximization can be based on a standard quasi-Newton numerical

optimization procedure with initial values of ψ determined from a basic grid search. The

model estimations carried out in the simulation studies as well as in the empirical appli-

cations are based on the numerical derivatives. Derivation of analytical derivatives with

respect to parameters collected in vector ψ, which would facilitate computation of robust

standard errors, are left for future research.

With increasing dimension k, the estimation of model parameters may become compu-

tationally demanding. One approach to reduce the number of parameters to be estimated

is based on covariance targeting as proposed by Engle and Mezrich (1996) for the GARCH

models. Since the recursion (5.32) admits the vector ARMA structure, the model intercept

can be expressed, if stationarity conditions are satisfied, using the unconditional moment,

ft+1 = (Ik∗ −
p∑
i=1

Bi) vech(E[ft]) +

p∑
i=1

Bift−i+1 +

q∑
j=1

Ajst−j+1, (5.45)

where E[ft] is replaced by the sample moment estimator, Ê[ft] = Ĉ, with T−1
∑T

t=1 RKt =

ĈĈ ′ such that Ĉ is the lower triangular matrix with Cholesky factors of a long run target as

measured by the sample mean of the realized kernel series. Introduction of targeting makes

model estimation be a two-step approach. We first reparametrize the model by substituting

out the vector of constants using the unconditional mean which is replaced by a consistent

estimator, we next maximize the log-likelihood. The targeting technique eliminates k∗

parameters from the parameter space of ψ. To avoid the curse of dimensionality further

reduction of the number of parameters can be achieved by setting A1, . . . , Aq and B1, . . . , Bp

to diagonal matrices or to scalars. In either case, both diagonal and off-diagonal elements

of the covariance matrix are driven by their own lagged values and, importantly, by the

cross-asset effects. The cross-asset effects are captured by the individual elements of the

score vector which all contain full likelihood information at each time update as discussed

in Section 5.3.4.
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5.4.2 Simulation results

We study properties of the likelihood-based estimation method by means of the simulation-

based exercises. We simulate a series of T ∈ {250, 500, 1 000} daily returns and daily covari-

ance matrices of dimension k ∈ {2, 5, 10}. For simplicity, we study the most parsimonious

model specification with p = q = 1 in (5.32), and we consider the scalar formulation im-

plied by B = βIk∗ , A = αIk∗ and Λ = λIk∗ , with k∗ = k(k + 1)/2. The resulting Monte

Carlo data generation process is here based on the parameter values,

ν = k, ω = 0.10 ιk∗ , β = 0.97, α = 0.10, and λ = 1, (5.46)

where ιk∗ denotes column vector of ones of dimension k∗. The parameter values are in

roughly line with the empirical estimates that we present in Section 5.5. The high value of

the memory parameter β indicates that variances and covariances are persistent processes

close to unit root what is found in the empirical studies. We simulate 5 000 datasets

for our Monte Carlo study. For each generated dataset, we maximize the log-likelihood

as discussed in the previous subsection, and we collect the likelihood-based estimates of

parameters (5.46). We carry out unconstrained estimation and we consider covariance

targeting.

The Monte Carlo results are graphically presented in Figure 5.1, where kernel estimates

of the simulation densities of parameters are presented. Each panel of Figure 5.1 presents

densities for the three values of T here considered. The obtained densities indicate that for

increasing sample sizes T , the estimates concentrate more at their true values and densities

are clearly more symmetric. There is some skewness and longer tails in the densities of the

estimates for small sample size T = 250, particularly for the memory parameter β whose

simulated density is skewed to the left. For this particular parameter, we report also some

negative bias for small samples which is reflected by the shift of the mode of the simulation

density to the left near β = 0.97. Precise estimation of this parameter requires relatively

long time series. The number of degrees of freedom of the Wishart density ν appears to be

estimated fairly robustly, even at moderate sample sizes, which might be surprising given

that the model formulation is nonlinear in this parameter.

Given the multivariate model, the likelihood-based estimation depends not only the

length of time series T but also on the dimension k. When we increase the dimension of

assets in the simulation, we observe that with increasing k the shapes of densities improve

as they are considerably more symmetric and peaked around their respective true values;

compare panels a) to c). The improvement is particularly remarkable for parameters α

and β. However, still to obtain a precise estimate of β the length of the time series is key

requirement. To conclude, the maximum likelihood method works reasonably well in terms

of estimating the model parameters and it provides evidence of the relative simplicity in

empirically identifying the parameters that control the time-variation of the covariance

matrices as we discuss in the next section.
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Figure 5.1: Simulation densities
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5.5 Empirical Illustrations

5.5.1 Dataset

Our data is constructed to capture variation across firms and across market conditions.

The equities we analyze include some fifteen Dow Jones Industrial Average components

with the following ticker symbols AA, AXP, BA, CAT, GE, HD, HON, IBM, JPM, KO,

MCD, PFE, PG, WMT and XOM. The empirical study is based on data on consolidated

trades (transaction prices) extracted from the Trade and Quote (TAQ) database through

the Wharton Research Data Services (WRDS) system. The time-stamp precision is one

second. The sample period spans ten years, from January 2, 2001 to December 31, 2010,

with a total of T = 2515 trading days for all equities.

Before we construct a series of daily realized covariances and kernels as discussed in

Section 5.2, we carry out some cleaning procedures to the raw transaction data. The

importance of tick-by-tick data cleaning is highlighted by Brownless and Gallo (2006),

Hansen and Lunde (2006) and Barndorff-Nielsen, Hansen, Lunde, and Shephard (2009) who
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provide a guideline on cleaning procedures based on the TAQ qualifiers that are included

in the files and described in the TAQ User’s Quide available at the WRDS website. In

particular, we carry out the following steps: i) we delete entries with a time stamp outside

the 9:30am-4pm window; ii) we delete entries with transaction price equal to zero; iii) we

retain entries originating from a single exchange (NYSE in our application); iv) we delete

entries with corrected trades (trades with a correction indicator, CORR 6= 0); v) we delete

entries with abnormal sale condition (trades where COND has a letter code, except for

“E” and “F”); vi) we use the median price for multiple transactions with the same time

stamp; vii) we delete entries with prices that are above the ask plus the bid-ask spread.

We have in total 15 equities in our empirical study. To conserve space in our report, we

provide results for some selected cases for k ∈ {2, 5, 15}. We randomly select ten 2-variate

and ten 5-variate models. We present also results for the full 15-variate model.

In our empirical application we use the subsampled realized covariance and the realized

kernel. The realized covariance is based on the calendar time sampling and we use returns

sampled at 5min frequency which results in 79 price observations. By jittering the initial

point we obtain 300 estimators each day that we average to get the subsampled measure;

recall Section 5.2.1. The realized kernel makes use of refresh time sampling applied to k

assets as discussed in Section 5.2.2.

Table 5.1 presents summary statistics on the number of observations and fraction of the

data we retained by constructing refresh time sampling. Given the dimension k, we record

the resulting daily number of price observations and daily p statistics defined in (5.8).

These statistics are averaged over particular years in our sample. We observe that for

the 2-variate system we retain on average of around 60-65% observations and this fraction

is somewhat robust over time and across equities. The average number of refresh time

observations is around 2800 and it moderatly varies in time with higher volatility during

crisis in 2007-2009. Note that the average p statistics implies we have on average refresh

observation every 8sec for k = 2.

For the 5 × 5 case the data loss is more pronounced. We retain around 35-40% and

1800 refresh observations on average. Again, the p statistics is rather flat in time. In this

case, we have a vector of price observations on average around every 13sec. For the full

15 × 15 case, the overall average of fraction of retained observations equals around 22%,

while the average number of observations is around 950 implying refresh observation every

25sec.

5.5.2 Capturing overnight variation

In our first empirical illustration, we wish to emphasize one empirical finding that concerns

the difference between modeling open-to-close and close-to-close returns. While the realized

measures are defined here over a period of a trading day i.e. from open-to-close, then the
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Table 5.1: Summary statistics for the refresh sampling scheme

Equities 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010

PANEL A

2x2

AA/CAT 803 1043 1340 1899 1919 2458 3538 3730 2810 2006
AXP/PFE 1805 2081 2486 2198 2372 2413 4007 4355 3527 2108

AXP/WMT 1508 1760 1865 2062 2323 2449 3994 4816 3900 2827
BA/HON 959 1248 1665 1719 2036 2171 3111 3069 2407 2154
CAT/KO 831 1144 1516 1934 2059 2382 3469 3809 3049 2585
GE/PFE 2064 2753 3061 3135 3156 3201 5105 5374 3514 1935
HD/JPM 1657 2022 2421 2329 2523 2817 4706 5454 3693 2906
IBM/PG 1566 1971 2390 2618 2659 3017 4252 4549 3493 2895

JPM/XOM 1476 1980 2516 2607 3044 3531 6187 7799 5747 4169
MCD/PG 1147 1516 1847 1969 2397 2517 3531 4330 3315 2442

5x5

AA/AXP/IBM/JPM/WMT 827 940 1048 1304 1405 1553 2632 3074 2210 1526
AA/BA/CAT/GE/KO 570 736 933 1172 1247 1466 2340 2584 1790 1266

AXP/CAT/IBM/KO/XOM 671 885 1141 1272 1352 1520 2521 2787 2239 1924
BA/HD/JPM/PFE/PG 847 1060 1336 1332 1472 1639 2665 2920 2039 1395

BA/HD/MCD/PG/XOM 748 990 1232 1238 1462 1596 2483 2834 2009 1620
CAT/GE/KO/PFE/WMT 680 887 1055 1367 1481 1646 2625 2912 2070 1333

CAT/HON/IBM/MCD/WMT 626 783 951 1172 1332 1440 2186 2342 1857 1614
GE/IBM/JPM/PG/XOM 947 1256 1548 1586 1709 1915 3283 3773 2616 1863
HD/HON/KO/MCD/PG 662 868 1066 1136 1371 1414 2196 2443 1768 1432

HON/IBM/MCD/WMT/XOM 745 940 1079 1266 1537 1585 2408 2602 1994 1669

15x15

AA/ ... /XOM 430 530 649 759 856 951 1613 1779 1267 894

PANEL B

2x2

AA/CAT 0.599 0.588 0.587 0.601 0.584 0.579 0.625 0.640 0.612 0.543
AXP/PFE 0.646 0.625 0.627 0.565 0.579 0.572 0.625 0.653 0.620 0.548

AXP/WMT 0.637 0.629 0.600 0.576 0.584 0.570 0.631 0.666 0.652 0.625
BA/HON 0.616 0.601 0.615 0.603 0.598 0.586 0.627 0.636 0.629 0.632
CAT/KO 0.583 0.573 0.577 0.595 0.584 0.585 0.636 0.651 0.643 0.626
GE/PFE 0.655 0.642 0.655 0.640 0.640 0.624 0.668 0.663 0.617 0.548
HD/JPM 0.644 0.625 0.635 0.615 0.621 0.607 0.652 0.636 0.575 0.582
IBM/PG 0.579 0.646 0.648 0.636 0.626 0.628 0.662 0.672 0.654 0.642

JPM/XOM 0.626 0.618 0.629 0.620 0.584 0.566 0.672 0.732 0.699 0.668
MCD/PG 0.643 0.628 0.624 0.610 0.621 0.597 0.634 0.662 0.643 0.637

5x5

AA/AXP/IBM/JPM/WMT 0.338 0.338 0.322 0.347 0.354 0.348 0.396 0.407 0.371 0.329
AA/BA/CAT/GE/KO 0.314 0.288 0.308 0.336 0.334 0.339 0.385 0.394 0.375 0.334

AXP/CAT/IBM/KO/XOM 0.305 0.324 0.338 0.348 0.322 0.313 0.374 0.398 0.394 0.400
BA/HD/JPM/PFE/PG 0.357 0.348 0.363 0.345 0.354 0.354 0.400 0.395 0.360 0.328

BA/HD/MCD/PG/XOM 0.373 0.353 0.365 0.352 0.337 0.319 0.369 0.399 0.373 0.373
CAT/GE/KO/PFE/WMT 0.296 0.290 0.303 0.330 0.340 0.348 0.393 0.404 0.384 0.331

CAT/HON/IBM/MCD/WMT 0.305 0.326 0.330 0.333 0.339 0.336 0.382 0.396 0.385 0.388
GE/IBM/JPM/PG/XOM 0.358 0.366 0.384 0.371 0.361 0.352 0.416 0.426 0.392 0.362
HD/HON/KO/MCD/PG 0.359 0.347 0.354 0.353 0.362 0.348 0.393 0.405 0.385 0.389

HON/IBM/MCD/WMT/XOM 0.333 0.340 0.333 0.335 0.337 0.316 0.357 0.374 0.366 0.370

15x15

AA/ ... /XOM 0.197 0.189 0.195 0.206 0.208 0.207 0.247 0.253 0.234 0.210

Note: Statistics are measured separately for each year in our sample. Panel A presents averages over the daily number

of high-frequency observations maintained by the refresh sampling scheme. Panel B present averages of ratio of the data

maintained by the refresh sampling scheme as measured by (5.8).

daily returns in the traditional GARCH modeling are defined as either open-to-close or

close-to-close returns. In general, the interest is in the total variation including overnight

effects, and a number of approaches have been proposed to capture it. Here, we provide
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a model specification that should be sufficiently flexible to capture total variation where

overnight effects are captured by the close-to-close returns. In case we use close-to-close

returns, the individual elements of Λ in (5.23) should capture the additional variation due

to the overnight effects. Using the univariate realized GARCH model Hansen et al. (2011)

found that overnight variation may stand for around 25% of total daily variation, implying

we could expect the individual elements of Λ equal around 1.25.

Table 5.2 presents maximum likelihood estimates for the selected portfolio of equities.

We consider the model specification with B = βIk∗ and A = αIk∗ and with covariance

targeting. One remarkable observation is that the parameter estimates of ν, α and β do

not display large variation across different equity pairs. However, we observe that estimates

differ in the values of λs dependently on the definition of returns. For the open-to-close

returns the values of individual elements of Λ are close to unity and somewhat below.

Instead, if we model the close-to-close returns the individual elements of Λ are somewhere

in between 1.20-1.40. These results suggest that if the interest is also to predict daily

total variation of assets, then a simple link (5.23) may turn convenient and useful for

capturing overnight variation. These results also indicate that a more parsimonious model

may be obtained by restricting the coefficients of Λ to Λ = λIk∗ in a similar fashion as we

restricted A = αIk∗ and B = βIk∗ (the more general results indicate that these parameters

are virtually the same for different equities). It is also seen that estimates of other model

parameters ν, α and β are virtually the same. In general, we find estimates of β being

close to unity implying high persistence of the covariance coefficients. We observe also

that dynamics of Vt put more weight on realized kernel measures which is expressed in the

estimates of ν which magnify the information coming from realized measures relative to

outer-product of daily returns; recall Proposition 4.

5.5.3 Benchmarking against common alternatives

We now compare performance of our model against some widely applied alternatives. We

relate our model to the so-called BEKK model of Engle and Kroner (1995). In the standard

BEKK(1, 1) model it is assumed rt|Ft−1 ∼ N (0, Vt). The covariance of assets is assumed

to be driven by outer-product of daily returns,

Vt+1 = CC ′ +BVtB
′ + Artr

′
tA
′, (5.47)

where A, B, and C are k× k matrices with static parameters of the model, and C is lower

triangular. The scalar BEKK with covariance targeting takes the form,

Vt+1 = (1− b− a)R̂ + bVt + artr
′
t, a, b ≥ 0, (5.48)

where R̂ = T−1
∑T

t=1 rtr
′
t is the sample covariance of daily returns. When contrasting the

BEKK model to the result in Proposition 4, it is evident that the BEKK specification



134
C
h
ap

ter
5.

Table 5.2: Maximum likelihood estimates for open-to-close and close-to-close returns

open-to-close close-to-close

ν β α λ1 λ2 λ3 λ4 λ5 log-lik ν β α λ1 λ2 λ3 λ4 λ5 log-lik

2x2

11.6133 0.9787 0.0845 0.9026 0.9697 - - - -20543.62 11.6436 0.9785 0.0786 1.3505 1.4624 - - - -21556.16
(0.1760) (0.0019) (0.0026) (0.0249) (0.0267) - - - - (0.1763) (0.0019) (0.0025) (0.0373) (0.0401) - - - -

9.7035 0.9788 0.0788 1.0324 0.8887 - - - -17697.90 9.7497 0.9784 0.0731 1.5314 1.2973 - - - -18649.30
(0.1449) (0.0017) (0.0028) (0.0293) (0.0252) - - - - (0.1458) (0.0017) (0.0027) (0.0438) (0.0368) - - - -

10.6768 0.9822 0.0745 1.0454 0.8049 - - - -15913.94 10.7320 0.9829 0.0684 1.5445 1.1411 - - - -16821.31
(0.1606) (0.0014) (0.0025) (0.0293) (0.0225) - - - - (0.1615) (0.0013) (0.0023) (0.0435) (0.0319) - - - -

10.0744 0.9627 0.0968 0.9407 0.8436 - - - -18192.85 10.0948 0.9627 0.0956 1.3274 1.1562 - - - -19013.12
(0.1507) (0.0026) (0.0029) (0.0257) (0.0230) - - - - (0.1509) (0.0026) (0.0028) (0.0358) (0.0312) - - - -

11.9814 0.9722 0.0679 1.0118 0.8491 - - - -14579.31 12.0297 0.9695 0.0683 1.5234 1.1390 - - - -15446.25
(0.1816) (0.0022) (0.0020) (0.0287) (0.0240) - - - - (0.1820) (0.0023) (0.0021) (0.0431) (0.0321) - - - -

9.9600 0.9679 0.0867 0.8936 0.8609 - - - -16177.99 9.9907 0.9662 0.0872 1.3179 1.2485 - - - -17120.73
(0.1487) (0.0023) (0.0029) (0.0249) (0.0241) - - - - (0.1489) (0.0024) (0.0031) (0.0365) (0.0349) - - - -

11.2892 0.9734 0.1117 0.8913 0.9554 - - - -19021.08 11.3410 0.9732 0.1137 1.2511 1.2624 - - - -19777.63
(0.1702) (0.0019) (0.0032) (0.0246) (0.0263) - - - - (0.1704) (0.0019) (0.0032) (0.0343) (0.0347) - - - -

10.5581 0.9538 0.0657 0.9803 0.7759 - - - -11769.84 10.5793 0.9529 0.0675 1.3972 1.0822 - - - -12627.73
(0.1587) (0.0026) (0.0021) (0.0276) (0.0218) - - - - (0.1587) (0.0026) (0.0021) (0.0394) (0.0305) - - - -

11.5582 0.9740 0.0977 0.9879 0.8906 - - - -16722.57 11.5929 0.9740 0.0995 1.2947 1.1748 - - - -17398.08
(0.1744) (0.0017) (0.0026) (0.0274) (0.0248) - - - - (0.1745) (0.0017) (0.0026) (0.0358) (0.0324) - - - -

9.5205 0.9586 0.0609 0.8401 0.7709 - - - -13099.50 9.5306 0.9602 0.0596 1.1440 1.0641 - - - -13887.90
(0.1420) (0.0026) (0.0020) (0.0240) (0.0220) - - - - (0.1420) (0.0025) (0.0020) (0.0327) (0.0302) - - - -

5x5

16.8415 0.9827 0.0535 0.9239 0.9636 0.9603 0.9155 0.7943 -46208.96 16.8776 0.9825 0.0530 1.3585 1.4138 1.3638 1.2146 1.1441 -48380.22
(0.1081) (0.0007) (0.0009) (0.0249) (0.0244) (0.0249) (0.0231) (0.0210) - (0.1083) (0.0007) (0.0009) (0.0363) (0.0355) (0.0354) (0.0306) (0.0304) -

16.8578 0.9805 0.0511 0.9058 0.9627 0.9721 0.8749 0.8650 -46256.39 16.8775 0.9801 0.0507 1.3133 1.3545 1.4445 1.2521 1.1583 -48440.87
(0.1082) (0.0008) (0.0008) (0.0240) (0.0257) (0.0253) (0.0225) (0.0236) - (0.1083) (0.0008) (0.0008) (0.0346) (0.0358) (0.0373) (0.0319) (0.0314) -

17.6635 0.9788 0.0477 1.0048 0.9809 0.9935 0.8541 0.8940 -35028.57 17.7017 0.9782 0.0476 1.4498 1.4786 1.4080 1.1609 1.1899 -37140.69
(0.1142) (0.0008) (0.0007) (0.0263) (0.0258) (0.0259) (0.0231) (0.0235) - (0.1143) (0.0008) (0.0007) (0.0378) (0.0387) (0.0367) (0.0313) (0.0311) -

16.4246 0.9753 0.0532 0.9648 0.9044 0.9482 0.8822 0.7941 -44412.52 16.4424 0.9751 0.0539 1.3640 1.2573 1.2552 1.2762 1.0787 -46438.44
(0.1051) (0.0009) (0.0009) (0.0261) (0.0241) (0.0250) (0.0238) (0.0214) - (0.1051) (0.0009) (0.0009) (0.0367) (0.0333) (0.0331) (0.0344) (0.0290) -

17.0484 0.9698 0.0474 0.9713 0.9332 0.8654 0.7912 0.9069 -38077.34 17.0658 0.9702 0.0473 1.3681 1.2917 1.1760 1.0813 1.2035 -40026.13
(0.1097) (0.0010) (0.0008) (0.0263) (0.0250) (0.0235) (0.0213) (0.0242) - (0.1097) (0.0010) (0.0007) (0.0368) (0.0345) (0.0319) (0.0290) (0.0319) -

17.0002 0.9762 0.0469 1.0033 0.8877 0.8577 0.8887 0.8185 -35613.46 17.0311 0.9753 0.0475 1.4928 1.2941 1.1723 1.2857 1.1671 -37847.55
(0.1093) (0.0009) (0.0008) (0.0268) (0.0227) (0.0231) (0.0239) (0.0217) - (0.1093) (0.0010) (0.0009) (0.0396) (0.0329) (0.0316) (0.0346) (0.0310) -

16.1954 0.9721 0.0477 0.9935 0.8556 0.9855 0.8930 0.8115 -39998.86 16.2229 0.9715 0.0479 1.4809 1.1891 1.3951 1.2165 1.1667 -42156.51
(0.1034) (0.0010) (0.0008) (0.0261) (0.0222) (0.0258) (0.0244) (0.0216) - (0.1035) (0.0010) (0.0008) (0.0387) (0.0305) (0.0365) (0.0331) (0.0310) -

17.4267 0.9729 0.0556 0.8480 0.9757 0.9223 0.7754 0.8804 -33329.28 17.4430 0.9727 0.0564 1.2299 1.3754 1.2166 1.0635 1.1664 -35307.46
(0.1123) (0.0008) (0.0008) (0.0214) (0.0252) (0.0239) (0.0207) (0.0231) - (0.1123) (0.0008) (0.0008) (0.0308) (0.0355) (0.0315) (0.0283) (0.0304) -

15.9711 0.9682 0.0479 0.9218 0.8841 0.8465 0.8720 0.7953 -36269.75 15.9865 0.9686 0.0478 1.2772 1.2318 1.1476 1.1917 1.0797 -38233.17
(0.1017) (0.0011) (0.0008) (0.0246) (0.0236) (0.0227) (0.0237) (0.0212) - (0.1018) (0.0010) (0.0008) (0.0340) (0.0327) (0.0306) (0.0323) (0.0287) -

16.9796 0.9716 0.0471 0.8737 0.9976 0.8909 0.8162 0.9188 -35295.14 17.0007 0.9713 0.0475 1.2125 1.3977 1.2087 1.1720 1.2186 -37297.00
(0.1092) (0.0010) (0.0007) (0.0229) (0.0261) (0.0244) (0.0217) (0.0244) - (0.1092) (0.0010) (0.0007) (0.0316) (0.0365) (0.0329) (0.0312) (0.0322) -

ν β α λ1 λ2 λ3 λ4 λ5 λ6 λ7 λ8 λ9 λ10 λ11 λ12 λ13 λ14 λ15 log-lik

15x15

open-to-close

28.3960 0.9828 0.0268 0.9196 0.9741 0.9755 0.9716 0.8328 0.8907 0.8603 0.9900 0.9101 0.8642 0.8939 0.8962 0.8031 0.8120 0.9032 -69226.50
(0.0572) (0.0003) (0.0002) (0.0235) (0.0237) (0.0251) (0.0241) (0.0188) (0.0221) (0.0200) (0.0246) (0.0220) (0.0225) (0.0237) (0.0235) (0.0209) (0.0203) (0.0227) -

close-to-close

28.4060 0.9827 0.0269 1.3078 1.3415 1.3511 1.4280 1.1993 1.2406 1.1426 1.4063 1.2030 1.1720 1.1958 1.2751 1.0857 1.1624 1.1677 -75245.35
(0.0572) (0.0003) (0.0002) (0.0331) (0.0322) (0.0342) (0.0351) (0.0270) (0.0307) (0.0262) (0.0349) (0.0291) (0.0304) (0.0316) (0.0332) (0.0280) (0.0292) (0.0290) -

Note: The particular combination of equities for the case k ∈ {2, 5} are in the same order as in the Table 5.1. Standard errors are shown in parentheses.
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does not exploit high-frequency data to infer about the current level of covariances. Also,

the restricted scalar specification of the BEKK formulation does not capture cross-asset

effects.

We consider also an Exponentially Weighted Moving Average (EWMA) approach ap-

plied to the high-frequency based realized kernels. The EMWA filter is often used by

practitioners and regulators, e.g. in the RiskMetrics of J.P.Morgan (1996). The EMWA

assumes that the covariance matrix is an integrated process given by

Vt+1 = bVt + (1− b)RKt, (5.49)

governed by a fixed smoothing parameter b which is typically set equal to 0.96.

The models here studied are non-nested, thus direct log-likelihood ratio tests are not

possible. We evaluate the performance of the GAS model relative to the BEKK and EMWA

using some two loss functions. We use a quasi-likelihood loss function given by

Q(Vt,Σt) = log |Vt|+ tr
(
V −1
t Σt

)
, (5.50)

and we use the root mean squared error based on the matrix norm given by

F (Vt,Σt) = ||Σt − Vt||1/2 =

[∑
i,j

(Σij,t − Vij,t)2

]1/2

, (5.51)

where Σt is true latent covariance matrix and Vt is model-based covariance matrix. In our

application, the proxy for latent covariance matrix is based on the realized kernel and on

the subsampled realized covariance using 5min returns. As the in-sample fit, we report

the average loss functions. In this exercise, we study the open-to-close returns and we use

baseline p = q = 1 model specification.

Table 5.3 presents loss functions for the selected cases when k = 2 and k = 5, and for

the case when variation of all equities is jointly modeled, i.e. when k = 15. The obtained

results indicate that the our developed model has overall substantially better fit than the

alternative BEKK and EWMA models. The difference in the performance relative to the

BEKK model can be substantial with improvement in in-sample fit as much as 10% or

even 15%. This improvement is a direct consequence of incorporating the high-frequency

based realized measures to build the model for daily covariance. Since the EWMA model

is based here on realized measures, it corresponds closer to the performance of our model.

Figure 5.2 presents an example of model-based covariances for the AA/CAT pair. When

relating the model-based estimates to the subsampled realized covariance, we observe a

close match of the GAS-based model. The GAS-based covariances appear to adapt rather

quickly to changes in the level of covariances. In contrast, the traditional BEKK model

smooths the outer-product of daily returns without exploiting high-frequency information,

and the response to changes is remarkably longer as seen in panels i-b) and ii-b) which zoom
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Table 5.3: Values of loss functions

Model GAS BEKK EWMA

Proxy RK RC RK RC

Equities Q F Q F Q F Q F Q F Q F

2x2

AA/CAT 4.1733 3.4624 4.1492 3.3865 4.3524 4.1861 4.3310 4.1454 4.2374 3.9384 4.2085 3.8783

AXP/PFE 3.4868 3.1494 3.4530 3.0417 3.6947 3.8117 3.6431 3.7033 3.5523 3.5001 3.5107 3.4015

AXP/WMT 3.2134 2.9889 3.1728 2.8841 3.4367 3.6223 3.3795 3.5111 3.2853 3.3840 3.2399 3.2936

BA/HON 3.6423 2.7597 3.6312 2.6717 3.8234 3.0998 3.8094 3.0182 3.7297 3.0990 3.7066 2.9841

CAT/KO 3.0124 1.8930 2.9797 1.8130 3.1466 2.1675 3.1047 2.0885 3.0848 2.1736 3.0463 2.1013

GE/PFE 3.2411 2.6894 3.2050 2.6442 3.4208 2.8632 3.3629 2.8047 3.3119 2.9821 3.2674 2.9383

HD/JPM 3.8638 3.9762 3.8241 3.9342 4.1177 5.0781 4.0541 5.0280 3.9630 4.5966 3.9187 4.5604

IBM/PG 2.4108 1.7714 2.3595 1.7350 2.6516 1.6967 2.6016 1.6342 2.4889 1.7055 2.4398 1.6707

JPM/XOM 3.4104 3.5625 3.3827 3.5474 3.6305 4.4573 3.6073 4.4568 3.5315 4.1881 3.5027 4.1810

MCD/PG 2.6451 1.7553 2.6236 1.7095 2.8919 1.7174 2.8902 1.6696 2.7084 1.7619 2.6893 1.7106

5x5

AA/BA/CAT/GE/KO 8.1170 6.1703 8.2090 5.9361 8.6177 7.2624 8.7292 7.1123 8.2465 6.7033 8.3239 6.4961

AXP/CAT/IBM/KO/XOM 6.9079 5.2938 6.9762 5.0869 7.5404 6.4618 7.6134 6.3033 7.0751 5.7260 7.1339 5.5476

BA/HD/JPM/PFE/PG 7.8779 6.1979 7.9521 5.9913 8.5163 7.2225 8.6190 7.0711 8.0156 6.4684 8.0846 6.2925

BA/HD/MCD/PG/XOM 7.2261 4.6157 7.2995 4.4767 7.7753 4.9079 7.8867 4.8074 7.3740 4.7933 7.4471 4.6741

CAT/GE/KO/PFE/WMT 6.9424 4.7605 7.0368 4.5630 7.5198 5.3290 7.6032 5.1539 7.0663 5.1475 7.1447 4.9590

CAT/HON/IBM/MCD/WMT 7.3463 5.0141 7.4483 4.7648 7.9266 5.6075 8.0379 5.4017 7.4813 5.3059 7.5669 5.0601

GE/IBM/JPM/PG/XOM 6.7398 6.5137 6.7637 6.3736 7.5618 7.4956 7.5772 7.4019 6.9224 6.6809 6.9389 6.5781

HD/HON/KO/MCD/PG 6.9314 4.7418 7.0472 4.5186 7.4972 5.0000 7.6587 4.8156 7.0671 4.8757 7.1754 4.6687

HON/IBM/MCD/WMT/XOM 6.9010 4.5943 6.9908 4.4136 7.4820 5.0771 7.5793 4.9153 7.0623 4.9146 7.1387 4.7307

15x15

AA/.../XOM 20.5015 16.2492 21.5056 15.5803 23.2455 19.3341 24.4672 18.9041 20.7784 16.4803 21.7681 15.8529

Note: In proxy input, RK stands for realized kernel while RC for the subsampled realized covariance using 5min returns.
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on the high volatile period in 2008-2009 years. It is worth noting that since our model for-

mulation weights more the realized measures that outer-products of daily returns, it is seen

that GAS-based covariance signal remains somewhat robust to large return innovations;

see panels i-c) and ii-c).

Figure 5.2: Model-based (co)variances
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Note: Panels i-a) to i)-c) plot the case of variance of AA equity, while panels ii-a) to ii)-c) present the case of covariance of

pair AA/CAT.

5.5.4 Parameter stability

We now turn our attention to the stability of the model parameters. To address this

concern, we focus on the most parsimonious scalar specification of the model. We use the

close-to-close returns and restrict Λ = λIk∗ driven by the findings from Section 5.5.2. We

estimate the model parameters of both GAS and BEKK models using the quasi-likelihood

method based on a moving window of a period of four years of data implied by our choice

T = 1000. We record the maximum likelihood estimates at the time of the last data entry

in the moving sample. We carry out this exercise for a dimension of k = 2 and k = 15.

Figure 5.3a presents moving window parameter estimates for the bivariate models with
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Figure 5.3: Moving window parameter estimates
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(a) The figure displays model parameters obtained from moving window estimation of length

T = 1000 and k = 2.
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(b) The figure displays model parameters obtained from moving window estimation of length

T = 1000 and k = 15.
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the choice of equities being the same as in Table 5.1; Figure 5.3b presents moving window

parameter estimates for the full 15×15 case. When looking at the moving window estimates

of the persistence parameter β and b we observe they behave somewhat similar, decreasing

during 2007-2008. However, the variation in the moving window estimates of b seems to

be more dramatic, likewise in the moving window estimates of a. The more apparent

instability of parameters in the BEKK model might result from occurrences of large price

changes during the crisis. Note that the our model only partially exploits the information

from daily returns when modeling covariance matrices. The more stable moving window

estimates of model parameters of the GAS model relative to the BEKK model are also

seen when estimating the full model; see Figure 5.3b where we also display associated

95% confidence intervals based on the estimates of standard errors of parameters. The

more apparent instability of the BEKK parameters is there reflected in the more erratic

confidence intervals.

5.6 Summary and Conclusions

In this chapter we propose a new formulation for the purpose of modeling the covariance

matrix of financial assets. The modeling strategy is chosen to capture complex temporal

interdependencies among variances and covariances of assets. There are two distinguishing

features of our model as compared to the alternative frameworks. First, when making

the one-step ahead prediction of the covariance matrix of assets, we make use of both low

and high-frequency data. The information from the two frequencies is contained in the

signal about the current level of volatilities and covariances. The high-frequency based

measure receives most weight given that it exploits intraday data of financial assets to

infer about covariances. Second, we show that each innovation driving the update of

covariance matrix exploits full likelihood information. Consequently, even a simple scalar

specification allows for complex interdependences between variances and covariances of

all assets under consideration. Our model can therefore attain parsimonious formulation

which is a convenient property for multivariate volatility models. In an application to a

collection of assets from the NYSE exchange, we compare our model to the GARCH and

EWMA models. We show that in-sample fit of our model generally dominates the fit from

alternatives. This result is consistent across different subsets of equities but also when

using the whole set of assets. The proposed model is also capable to track sudden changes

in volatility and the dependence structure of the assets in a more efficient way than the

standard multivariate GARCH model.
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5.A Appendix

5.A.1 Proofs

We use the matrix notations and definitions as described in Section 5.3.1. To proof our

results in this article, we make use of the following matrix calculus results. For a p × q
matrix function F (X) and a m × n matrix of variables X, the derivative of F (X) with

respect to x = vec(X), denoted by the pq ×mn matrix DF (X), is given by

DF (X) =
∂ vec(F (X))

∂x′
. (5A.1)

If F (X) is m×m symmetric matrix, we have

∂ vec(F (X))

∂x′
= Dm

∂ vech(F (X))

∂x′
. (5A.2)

The intermediate results for any k × k matrix are

∂ log |AXB|
∂X

= (vec((X−1)′))′, (A,B nonsingular),

∂X−1

∂X
= −((X−1)′ ⊗X−1),

∂ tr(AXB)

∂X
= A′B′. (5A.3)

The above results are combined with the following result for any k × k matrices A, B and

C with B being symmetric matrix

vec(ABC) = (C ′ ⊗ A) vec(B). (5A.4)

Proof of Proposition 4: We derive the score vector whose general form is given by

(5.33). It follows from (5.37) and (5.38) that the relevant parts of log-likelihoods for the

score vector derivation are given by

L1,t = −1

2

(
log |Λ1/2VtΛ

1/2|+ tr
(
(Λ1/2VtΛ

1/2)−1rtr
′
t

))
, (5A.5)

L2,t = −ν
2

(
log |Vt|+ tr

(
V −1
t RKt

))
. (5A.6)

We consider the Cholesky decomposition (5.39) of the covariance matrix Vt and our GAS

vector of parameters ft is given by (5.40). Using the chain rule for vector differentiation,

we can write the score for individual measurement densities (5.16) and (5.17) as given by

∂ log ϕi(Z
i
t |ft,Ft−1;ψ)

∂f ′t
=
∂ log ϕi(Z

i
t |ft,Ft−1;ψ)

∂(vec(Vt))′
∂ vec(Vt)

∂ vech(Vt)′
∂ vech(Vt)

∂f ′t
. (5A.7)
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We first differentiate the measurement density of returns (5A.5). Using (5A.3) and (5A.4),

and the fact that Vt is symmetric matrix, we obtain

∂L1,t

∂ vec(Vt)′
= −1

2

(
(vec(V −1

t ))′ − (vec(Λ−1/2rtr
′
tΛ
−1/2))′(V −1

t ⊗ V −1
t )

)
= −1

2

(
(vec(V −1

t VtV
−1
t ))′ − (vec(Λ−1/2rtr

′
tΛ
−1/2))′(V −1

t ⊗ V −1
t )

)
= −1

2

(
(vec(Vt))

′(V −1
t ⊗ V −1

t )− (vec(Λ−1/2rtr
′
tΛ
−1/2))′(V −1

t ⊗ V −1
t )

)
=

1

2

(
(vec(Λ−1/2rtr

′
tΛ
−1/2))′ − (vec(Vt))

′
)

(V −1
t ⊗ V −1

t ), (5A.8)

and similarly for the measurement density of covariance (5A.6), we have

∂L2,t

∂ vec(Vt)′
= −ν

2

(
(vec(V −1

t ))′ − (vec(RKt))
′(V −1

t ⊗ V −1
t )

)
= −ν

2

(
(vec(V −1

t VtV
−1
t ))′ − (vec(RKt))

′(V −1
t ⊗ V −1

t )

)
= −ν

2

(
(vec(Vt))

′(V −1
t ⊗ V −1

t )− (vec(RKt))
′(V −1

t ⊗ V −1
t )

)
=

ν

2

(
(vec(RKt))

′ − (vec(Vt))
′
)

(V −1
t ⊗ V −1

t ). (5A.9)

The result for V̇t = ∂ vech(Vt)
∂f ′t

is based on the following Theorem.

Theorem 5.A.1. Suppose V is a symmetric positive definite k × k matrix and C is a

lower triangular k × k matrix such that V = CC ′. Then vech(V ) is a totally differentiable

function of vech(C) and

V̇ =
∂ vech(V )

∂ vech(C)
= Lk(Ik2 +Kk)(C ⊗ Ik) L ′

k . (5A.10)

Proof of Theorem 5.A.1: The proof is based on the rules for matrix manipulations

stated in Magnus and Neudecker (1988). Since V = CC ′, we obtain

dV = (dC)C ′ + C(dC ′). (5A.11)

Vectorizing and using the result that vec(dX)A = (A′⊗ I)dvecX (Magnus and Neudecker

(1988, p.182)), we have

d vec(V ) = (C ⊗ Ik)d vec(C) + (Ik ⊗ C)d vec(C ′),

= (C ⊗ Ik)d vec(C) + (Ik ⊗ C)Kkd vec(C),

=
(
(C ⊗ Ik) + (Ik ⊗ C)Kk

)
d vec(C). (5A.12)
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Since for any k× k matrices A and B, we have Kk(A⊗B) = (B ⊗A)Kk (see Magnus and

Neudecker (1988, p.46) for more general rules on commutation matrix), we have

d vec(V ) =
(
(C ⊗ Ik) +Kk(C ⊗ Ik)

)
d vec(C),

=
(
(Ik2 +Kk)(C ⊗ Ik)

)
d vec(C). (5A.13)

Finally, left-multiplying by Lk gives

d vech(V ) = Lk
(
(Ik2 +Kk)(C ⊗ Ik)

)
L ′

k d vech(C), (5A.14)

where

d vec(C) = Dk d vech(C) = L ′
k d vech(C) (5A.15)

because C is lower triangular matrix.

The results in (5A.8), (5A.9) and the result of Theorem 5.A.1 combined with (5.33) com-

plete the proof of Proposition 4.

Proof of Proposition 5: We derive the Fisher information matrix whose general form is

given by (5.34). Using the results from the proof of Proposition 4, the individual score are

given by

∇1,t =
1

2
V̇ ′tD

′
k

(
V −1
t ⊗ V −1

t

)[
vec(Λ−1/2rtr

′
tΛ
−1/2)− vec(Vt)

]
, (5A.16)

∇2,t =
ν

2
V̇ ′tD

′
k

(
V −1
t ⊗ V −1

t

)[
vec(RKt)− vec(Vt)

]
, (5A.17)

for the measurement densities of returns and of covariance, respectively. Taking E[∇i,t∇′i,t|Ft−1],

we obtain

I1,t =
1

4
V̇ ′tD

′
k

(
V −1
t ⊗ V −1

t

)
Var

[
vec(Λ−1/2rtr

′
tΛ
−1/2)− vec(Vt)|Ft−1

](
V −1
t ⊗ V −1

t

)
DkV̇t,

(5A.18)

I2,t =
ν2

4
V̇ ′tD

′
k

(
V −1
t ⊗ V −1

t

)
Var

[
vec(RKt)− vec(Vt)|Ft−1

](
V −1
t ⊗ V −1

t

)
DkV̇t. (5A.19)

Using the results (5.27) and (5.28), and the fact that (V −1
t ⊗ V −1

t )(Vt⊗ Vt) = Ik2 , we have

I1,t =
1

4
V̇ ′tD

′
k

(
V −1
t ⊗ V −1

t

)
(Ik2 +Kk)DkV̇t,

(5A.20)

I2,t =
ν

4
V̇ ′tD

′
k

(
V −1
t ⊗ V −1

t

)
(Ik2 +Kk)DkV̇t, (5A.21)

which combined with (5.34) completes the proof.
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Samenvatting (Summary in Dutch)

Dit proefschrift presenteert recente ontwikkelingen in het meten en modelleren van fi-

nanciële volatiliteit. In de financiële econometrie wordt de term volatiliteit gebruikt om

de maat van variatie van prijswijzigingen in activa zoals aandelen aan te duiden. Het is

algemeen geaccepteerd dat financiële tijdreeksen tijdsvariërende en persistente volatiliteit

vertonen. Dit wil zeggen dat financiële volatiliteit door de tijd van niveau kan veranderen,

en dat er periodes zijn waarin lage of hoge variatie geclusterd voorkomen. Het fenomeen

van tijdsvariërende variatie van prijzen van financiële activa is uitgebreid bestudeerd in de

literatuur.

Enerzijds is een aantal economische theorieën ontwikkeld in een poging om de oorsprong

van tijdsvariërende volatiliteit te achterhalen. Deze economische theorieën relateren vaak

de oorsprong van de volatiliteit aan de acties van individuen die beslissingen nemen op

basis van de asymmetrische informatie die ze tot hun beschikking hebben. Deze informatie

beschrijft voor ieder van de agenten het idee dat ze hebben over de realistische waarde

van de betreffende investering. Verschil in strategie, verschil in de snelheid waarmee de

individuen nieuwe informatie beschikbaar krijgen, of ook verschillende beleggingstermijnen

kunnen allen, tot op zekere hoogte, verklaren waar de clustering van volatiliteit vandaan

komt. Anderzijds is een reeks aan statistische methodieken en tijdreeksmodellen ontwikkeld

en toegepast om de tijdsvariërende volatiliteit van financiële waarden te karakteriseren. Dit

proefschrift bouwt verder op deze literatuur, en verbetert diverse aspecten van het meten

en modelleren van financiële volatiliteit.

Vanuit een econometrisch gezichtspunt leidt het zogeheten ‘stochastic volatily jump

diffusion process’, dat in continue tijd de ontwikkeling van de volatiliteit beschrijft terwijl

er ook sprongen kunnen optreden in de prijzen, tot nieuwe uitdagingen. Het is belangrijk

om tijdsvariërende volatiliteit te meten op een wijze die robuust is voor het optreden van

deze sprongen in prijzen. Maar het is ook zeer van belang te kunnen testen of deze sprongen

inderdaad aanwijzig zijn, en zo bijvoorbeeld hun aantal en tijdstip vast te stellen. Ook kan

het deel van de variatie in prijzen dat veroorzaakt wordt door deze sprongen onderscheiden

worden van de variatie die komt van de continue beweging in het prijsproces, hetgeen van

belang is omdat deze zeer verschillende implicaties hebben in de theorie van de financiële

economie. Deze twee overwegingen schetsen het centrale onderwerp van dit proefschrift,
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namelijk het testen op sprongen en het meten van de bijdrage in variatie van deze sprongen.

Dit proefschrift bestaat uit vier onderling onafhankelijke onderzoeken, die weer te ver-

delen zijn in twee hoofdonderwerpen. De Hoofdstukken 2 en 3 bestuderen het direct meten

van volatiliteit op basis van hoog-frequente data. Hoofdstukken 4 en 5 modelleren beide de

financiële volatiliteit, met als doel om de tijdsvariërende afhankelijkheid tussen meerdere

activa te beschrijven.

In Hoofdstuk 2 introduceren we een niet-parametrische methode om volatiliteit te me-

ten op een willekeurig tijdstip binnen een handelsdag, gebruik makend van hoog-frequente

prijsdata. Meer specifiek gebruiken we een stochastische volatiliteit diffusie proces inclusief

sprongen, in een poging om de intra-dag volatiliteit te schatten. De methode wordt niet

gehinderd door eventuele sprongen, door micro-structurele verstoringen van het prijspro-

ces, door dagelijks terugkerende patronen in de variantie, of door zogenoemde ‘leverage’

effecten. Het resulterende volatiliteitspad maakt het mogelijk de variatie van de prijzen

ook binnen korte perioden binnen de dag te bestuderen, of om te testen of er sprongen

optreden die aan bijvoorbeeld nieuwsberichten gerelateerd zijn. We bespreken hierbij een

test-procedure die sprongen in ieder van de prijswijzigingen kan detecteren.

Hoofdstuk 3 stapt over naar de schatting van dagelijkse variatie hoog-frequente prijs-

data op robuuste wijze. Hiervoor introduceren we een variantie-schatter die gebaseerd is

op de kwantielen van intra-dag prijsveranderingen. In combinatie met een standaard niet-

robuuste variantie-maat die gebaseerd is op de momenten van de data levert dit een test

op die abnormale prijswijzigingen over vaste intervallen kan detecteren. Een nieuwe klasse

van toetsen wordt hiermee ontwikkeld, en toegepast op zowel gesimuleerde als empirische

data.

In Hoofdstuk 4 presenteren we een methode voor het analyseren van de afhankelijk-

heidsstructuur van bivariate data. We besteden speciale aandacht aan het bepalen van

de lange-termijn autocovariantie van volatiliteit en correlatie. We illustreren het belang

van de parametrische veronderstellingen over de waargenomen data bij het opbouwen van

de functionele vorm van zowel volatiliteit als correlatie. We laten zien dat een robuuste

formulering die de invloed van sprongen en uitbijters verzacht essentieel is om betrouwbare

schattingen van tijdsvariërende volatiliteit en correlatie te verkrijgen. De benadering in dit

hoofdstuk is volledig parametrisch.

Hoofdstuk 5 beschrijft methoden om de covariantie matrix van prijswijzigingen van

meerdere activa te modelleren. We laten zien hoe intra-dag informatie gebruikt kan worden

voor het modelleren van deze covariantie matrix voor financiële activa. De benadering in

dit hoofdstuk maakt gebruik van zowel laag- als hoog-frequente gegevens in de vorm van

maatstaven met informatie over het huidige niveau van volatiliteit en covariantie.

Elk hoofdstuk staat op zichzelf, bevat zijn eigen notatie en kan onafhankelijk van de

andere hoofdstukken gelezen worden. Ook omvat ieder hoofdstuk een eigen samenvatting

die de belangrijkste ontwikkelingen en bevindingen beschrijft. We bespreken waarom de
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bestaande statistische methoden mogelijk niet voldoende zijn om goede en betrouwbare

schattingen van de volatiliteit te verkrijgen, en we maken duidelijk waar de methoden uit

dit proefschrift betere resultaten beloven. De vernieuwende bijdrage van de methode wordt

telkens apart besproken in ieder van de hoofdstukken, waarbij we ook de relatie tussen onze

resultaten en de bestaande benadering laten zien.
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